Example 4. Iff(x) = log [ ) prove that f ( J = 2f(x).
Solution. Given f(x) = log (1 L= ) ,
X
2x
2x 1+ 2
f( )=log 1+ x2 e 1+ x% +2x
1+ x2 1 _2% 08 1% ¥2 =2
1422
=log L2 _| (1+xJ2
802 (1-x)? o8 1-x
_210g(1+x) 2f(x)
Example 5. Find the domain of the function f( f(x)= !
log(3-x)
Solution. For Df, f(x) must be a real number
1
m must be a real number
= 3-x>0and3-x=1] (log1=0)
= 3>xand2#x=>x<3andx#?
= Df= (~,2) U (2,3).
EXERCISE 9.3
1 Solve the following equations for x:
(i) [2x-3]=5 (i) [2x+1]=-2 (iii) [2-3x] =5.
1+x
L Iff(x) = =f| Y
2. Iff(x) log(1 ] then show that f(x) +f(l/)_f(1+xy]'
3. Find the domain of the following functions:
; 'y 1
log(4x -3 —_—
(1) log( ) (if) og 0 -2
Answers

. @) [4,%) (i) [-%,—1) (§#) (-%,-1}

3. () (%oo) (i) (=3,3)- {-2v2, 242)

OPERATIONS ON REAL FUNCTIONS

The algebraic operations of addition, subtraction, multiplication and division etc. can be performed
on two real valued functions suitably in the same manner as they are performed on two real
numbers.

Letf: X > R and g : X & R be any two real functions where X c R, then
(i) the sum of f and g denoted by f + g, is the function defined by

(f+38) (x) =f(x) + g(x), for all x € X.
(if) the d:)fference of fand g denoted by f— g, is the function defined by

(f-2) (x) =f(x) - g(x), forall x € X.



i ' ined b
(iii) the product of f and g denoted by fg, is the function defined by
(f8) (x) = f(x) g(x), forall x € X.

(iv) the quotient of f by g denoted by L is the function defined by

"('g_ ’
[LJ (x) = m,for all x & X, where X; = {x; x € X, () # 0).

8 8 (x) . il

Further, the function ffis usually denoted by f2, the function fAforff2by f3and so on ap dheng,

the power function /" (1 & N) is defined as (/") (x) = (f(x))", for all x € X.
The function % is called reciprocal of fand is defined as

1 1 . 5 . 0)

—| () = ——with domain X, = {x; x € X, f(x) = 0).

(f ) : f@) 2

If ¢ is any real number, then the function ¢f, called scalar multiple of f by c is defineq as

(cf) (x) = cf(x), forall x € X.

Remark s
The functions fand g need not necessarily have the same domain. When their domains are different,

then the operations f + ¢, f— ¢ fo and L @ihe performed only on a domain which is commop
‘ 8

to both the functions. Take special care of f , this operation can be performed on a domain where
§
8(x)#0.

Composition of functions
It is an operation which arises naturally in case of functions and it has no analogue in real number
system. In fact, we have been dealing with functions arising out of this composition but without
taking a note of it. For example, the function k(x) = V&= 22 s the composite of the functions
fO)=4-x2and g(x) = Vx

ie h(x)=g(f(x) =g(4-x) = Va4 -2

This leads to:

Let f, g be two real valued functions and let D = x:xe Df, f(x) e Dg} # ¢, then the composite of
fand g, denoted by gof, is the function defined by (gof ) (x) = g(f (x)) with domain D,

Fig. 9.17,

The composite of two functions is also called the resultant of two functions or function of a
function:
In particular, if Rec D, then Dy, = Dy.




Remark

It may happen that gof may exist
they may not be equal.

LLUSTRATIVE EXAWPLES [ | )

Example 1. Let f(x) = x + 1 ang 8(X) = 2x - 3 be two real functions. Find the following functions:

and fog may not exist. Moreover, even if both gof and fog exist,

(@) f+g @) f-g (iii) f g (iv) L (v) f2-3g.
Solution. Given f(x) = x + 1 and g(x) =2x -3, ’
We note that Ds=Rand D, =R, s0 these functions have the same domainR.

@) F+9 @ =fx) +g(x) = (x + 1)+ (2x-3)=3x-2, forallx € R
() (F-8)(x) = f(x) - g (x) = (x + 1)-(2x-3)=-x+4,forallx e R
(711 (£8) () = f(x) g (x) = (x + 1) (2 - 3)=2x2-x-3,forallx € R

. g —i(i)- x+1 3 :
(1v) [g} (%) = g(x)_2x—3’x¢ —2-,xeR

(©) (f2-3g) (x) = (f2) (%) - (38) (x) = (f ()2 - 3¢ (x)
=(+1)2-32x-3)=22+2x+1-6x+9
=x2-4x+10, forall x € R.

Example 2. Let f, ¢ be two functions defined by f(x) = Jx + 1 and g(x) = V9 — x2 , describe the following
functions:

() f+g ) g-f (i) gf o) £
() % (i) 2f~ 5 g (vi)) 247f  (uili) g.

Solution. Given f(x) = Vx + 1, g(x) = /9 — x2
= D¢=[-1,»)and D, =[-3,3].
Let D= DN Dy =[-1,0) N[-3,3] =[-1, 3] # ¢, then

(@) (f+8) (x) =f(x) + g(x) = Vx + 1 + V9 — 22 with domain [-1, 3].
(ii) (g—f) (x) = g(¥) - f(x) = V9 - x2 - Vx + 1 with domain [1, 3].
(i17) (gf) (x) =g(x) f(x) = V9 - x2 —Jx+1= 1/(9 - x2)(x + 1) with domain = -1, 3].

(iv) (i)(x)J(")- v+l =\/“1 with domain D,
g

g Jo—x2 V9-x?
where D; = D except where g(x) =0= D, =[-1, 3).

g(Jc)_\/9—x2_\/9—x2 . .
() (%}(x)=f(x) =T a1 with domain D,

where D, = D except where f(x) = 0= D, = (-1, 3].
(0i) (2f- /5 8)(x) =2f(x) - V5 g(x) = 24/x + 1 — 59 = x2 with domain|[-1, 3].
@ii) (f2+7f)(x)=(f(x)?>+7f(x) =x+1+7+x+1 with domain [-1, ).




(viid) (%] W= =

= with domain Dy
8(x) o y2

where Dy= Dg except where g(x) =0=> D3 = (-3,3).

1
Example 3. Find the domain of the function f defined by f(x) = VE-x+ JF:_I '

Solution. Let f= g + I, then g (x) = V4 — x and h(x) = 21 1
¥2
For Dy, ¢ (x) must be a real number =>4 - x >0
= 42x:>xs4:>Dg=(—oo,4].
For Dy, h(x) must be a real number = x2-1>0
= (@+)x-1)>0=>x<-lorx>1
= Dy=(-,-1) U (1, ).
As f=g+h,son=DgﬂDh
<€
O——+—Om= = o
f-3—2-1o12345x

Fig. 9.18.
From fig. 9.19, it is clear that Dg N Dy, = (-»,-1)U(1,4].
Hence, the domain of the function f= (-0, 1) U (1, 4].

Example 4. Find the domain of the function f(x) = +Vx+3.
log (1-x)
Solution. Let f= g + h, then g(x) = —— and h(x) = Jx % 3.
log (1-x)
For D, g (x) must be a real number
————— must be a real number
log (1 - x)
= 1l-x>0andl-x#1=>x<landx#0
= Dg = (—(D, 0) U (0, 1)
For Dy, h(x) must be a real number
= x + 3 must be a real number = x+32>0
— S i
= Dh = [—3, 00) ‘ i

Fig. 9.19.
As f=g+hsoD;=D,ND)= [-3,00U (0, 1).
Example 5. If f(x) = e* and g (x) = log x, then find the following functions:

(i) f+g (i) f-g (ii) fg (iv) —é
1 N £2
1 (vi) f2.

(v) 7 vi) f



Solution. Given f(x) = ¢ and g (x) = log x,
Df= R and DS = R*, where R+
Let D=DfﬂDg=R(’\R+=R+¢¢,then
@) (F+8) (x) =f(x) + 8(x) = e* + log x, with domain R*.
(@) (f-8) (¥) = f(x) - g (x) = ex - log x, with domain R*.
(i11) (fg) (x) = f(x) g(x) =ex log x, with domain R+,

is the set of positive reals.

O [ PR CO T
(iv) (g](x) = -Sm = l_:g_x with domain D,

where D; = R* except g(x) = 0 7., except log x = 0 i.e. except x = 1

= Dy=R*-{1}.

(v) (l}(x)=L=i with domai L :
f 7))~ ox With domain R except f(x) = 0 i.e. with domain R.
@) (%) %) = (f (0)? = (92 = ¢, with domain D=R.
Example 6. If f(x) = x — % prove that (f(x))3 = f(x3) + 3f(%] .
Solution. Given f(x) = x — l, Df: R - {0)
X

=% e ()

= f)=x- % andf(%]:%—

R | =]

x3 x x Z X
oy x—13+3[%-x] =f(x3)+3f(%) (using (1))

Example 7. If f(x) = x2 - 2, g (x) = 2x + 3, then describe the following functions:
(i) fog (ii) gof (i) fof (iv) gof
Solution. Given f (x) =x>-2 = Df=R, R¢=[-2, ®)
and g(x)=2x+3 :Dg=R,Rg=R
(i) fog (x) =f(g (x))=f(2x +3)
=(2x+32-2=4x2+12x +7
(i) gof () =g (f()=g(x*-2)
=2(x2-2)+3=2x2-1
(itd) fof (x) =f(f(x) =f(x*-2)
=(x2-2)2-2=x4-4x2+2
() gog (x) =g (8 (x)) =8 (2x +3)
=22x+3)+3=4x+9

Note that as D;=R and D, =R, all the above four composite functions exist and domain of each
=R.



.%E‘ EXERCISE 9.4 _ 24 7and g(y) = 3% + 5, then find the

1. If fand ¢ are real functions defined by f(x) =

e ¢ ] (iv) f(t)-f(-2)
\?i;ljf(;)wea i) f-2) +g(-1) (i) f(g) xg(14)

2. Iff(x) = e¥and g(x) = log x, then find:

. [ L] 3.
@ (f-9) (1) (i) (f2) (1) (i) (g) ®

i following functions:
3. Tf(x) =23+ 1 and g (x) = x + 1 be two real functions, then find the fo

) £ (v) 282 - 3.
@) f+g (i) g-f (iii) fg (iv) r

d the followin
4 Iff() = Vx=2 and g(x) = Va2 — 1 be two real valued functions, then find the g

functions:
v) 3f-2
@) f+g (i) g-f (ii)) fg (i) 3f -2
ol (8
o491 8
(©) § (vi) 2f2+ \3g (vii) 7 (viii) 7
5. Iff(x) = x3 - _x%' prove that f(x) +f(%] =
6. Iff(x) =x+ %, prove that (f(x))3 = f(x3) + 3f(%) ;
7. Iff(x)=2x +5and g (x) = x2 + 1, describe the functions:
() fog (ii) gof (i) fof (#v) gog (v) f2
Also show that fof = f2.
8. Iff(x) = z;‘j , prove that ( fof ) (x) = x, x = %
Answers —
L6 ()13 (iti) ST (iv) 124
3
2. (e (ii) 0 (iii) og3
3. () ¥®*+x+2,xeR (@) x-x3,xeR (@) x¥*+x3+x+1,xeR

o 22
4. () Vx-2++x2-1 @) Vx2-1-Jx=2 (iii) y(x - 2)(x% = )

,xeR x#-1 () 22 +4x-3x3-1,x e R

; [3 - x-2 :

(i) 3vx-2-2yx% -1 (v) T (Vi) 2(x-2) + ,/3(x2—1)

2
y 1 sl e~
viii

v Gz SR P

Domain in case (i) to (vi) is [2, %) and in cases (vid), (viii) is (2, o0)
7. () 2%2+7 (7i) 42 +20x+26  (iii) 4x +15 (iv) x4+ 252 42

(v) 4x2 +20x + 25




MULTIPLE CHOICE QUESTIONS

Choose the correct answer from the given four options in questions (1 to 14):

1. Which of the following relations is a function?
(@ R={(4,6),(3,9),(-11,6), 3, 11)) (b) R=1((1,2),(2,4),(26),3, 5}

(©) R=1{(2,1),(4,3),(6,5),(8,7), (10, 9)) d) R=((0,1),(1,3),(24),3,1),3,5)

2. Let A and B be two finite sets, then the number of functions from A to B is

@ n(A).n(B) (b) 2n(A).n(B) ©) (n(A)n®) (d) {n(B))A)
3. Let A be a finite set containing 3 elements, then the number of functions from A to A is

(a) 512 (b) 511 (c) 27 (d) 26
4. The domain of the function f defined by f (x) = va2 - x2 (a>0)is

(@) (-a,a) (b) [-a,a] (c) [0,4a] (d) (-a,0]
5. The domain of the function f defined by f(x)= V2% -9 is

(@) [-3,3] (b) (-3,3) () (~0,=3]V[3,) (d) [0,3]
6. The domain of the function f defined by f (x) = w is

x*-x-6

(@) R-[3,-2] (b) R-{-3,2) (c) R-{3,-2) d) R-(-3,2)
7. The domain and range of the real function fdefined by f (x) = Vx -1 are

(@) Domain = (1, c0), Range = (0, ) (b) Domain = [1, »), Range = (0, «)

(c) Domain = [1, «), Range = [0, «) (d) Domain = (1, ), Range = [0, )
8. The domain and range of the real function f defined by f (x) = ; ~2 are

- X
(@) Domain = R - {2}, Range = (-1} (b) Domain = R - {2}, Range = {-1}
(¢) Domain =R - {-2}, Range = {1} (d) Domain = R - {2}, Range = {1}

9. The domain and range of the real function f defined by ﬁ are
X

(@) Domain =R, Range = {-1, 1} (b) Domain =R - {0}, Range = {-1, 0, 1}
(c) Domain =R - {0}, Range = {-1, 1} (d) Domain =R, Range = {-1, 0, 1}
10. The domain and range of the function f gﬁ/en by f(x)=2- |x-5| are
(2) Domain = R*, Range = (-, 1] (b) Domain =R, Range = (-, 2]
(¢) Domain = R*, Range = (-, 2] (d) Domain = R, Range = (-, 2)
11. The domain of the function f defined by f (x) = Ja-x+ \/leﬁ is
@ (-o0,a] (b) (o0, —a] (¢) (~oo,—a) @) (a, )

12. The domain of the function f defined by f (x) = log, (5 - 6x) is

T R I O R

13. If f (x) = px + g, where p and 4 are integers f (-1) = 1 and f (2) = 13, then p and g are

(a) p=4,9=5 (b) p=-4,9=5 (© p=-49=-5 (d) p=4,9=-5
14. The domain for which the functions defined by f (x) = 6x2 + 1 and g (x) = 11 - 7x are equal is
T RS
@ {-12 (®) {3,6} @ [-22 @ f2.2



Answers
, 7
L (o) 2. (d) 3. (0) 4. (b) 5. () & © 14 8
8. (a) 9. () 10. (b) 11. (0) 12. (a) ik : —

FILL IN THE BLANKS

Fill in the blanks in questions (1 to 14):

L
. Thevalueofthefunctionf(v\‘)= |[x=2] + [2+x| for -2 <X 218 s

2
3.
4

o

10.

11.

12.

1

W

- The domain of the function f (x) =

Ifn(A) =4 and n(B) = 3, then total number of functions from A to B 18 ccovsireissersivisnsecns

The domain of the function Fx)= VX2 = 4x +3 05 e .

IS covvverieriireireneenns .

0g, X

The range of the functionf(x) =[x+ 2| =4S e ;

The range of the function f (x) = e TEL L — .

It (p, 11) and (2, g) are ordered pairs which belong to the function f: x — (x? + 2), where

X € R*, then the values of pand gare ... :

Let fand g be two functions given by f= {(2, 4), (5, 6), (8, - 1) (10, -3)} and g = {(2,5), (7, 1),

(8 4), (10, 13), (11, -5)}, then the domain of f+ § i$ ... .

Let fand ¢ be two real functions given by = {(0, 1), (2, 0), 3, -4), 4, 2), & D} g=1{(1,0),

(2:2),3,-1), (4, 4), (5, 3)}, then the domain of f. g iS ..o .

Let f={(2, 9), 5 6), (8,-1), (10, -3)}, ¢ =12 5), (7, 1), 8 4), (10, 13), (11, 5)} be two real

functions, then é isequal to ... .
£

g is equal to

If fand g are two real functions defined by f(x) = 5x + 4 and g(x) = 3x3 — 4x + 7, then the value
of fB)+8(-2) = oo :

If f (x) = log (:—:—i),thenf(x) D :

14. Iff(x) =a* +a =%, then (f ()2 = f(2X) = oo )
Answers
1. 81 2. 4 3. (coo, 11U [3, o) 4. (0,1)U (1, w)
5. [-4, ) 6. [0,1) 7.p=3,9=6 8. {2, 8,10} 9.{2,3,4,5}
4 1 3
10. [(Z,EJ ,(8,—2) ,(10,—5)] 11. (0,0) 12. 10 13. 0 14. 2

CASE-STUDY BASED QUESTIONS (Unsolved)
1. Letf: A— Band g: B — C be two real functions, then composite of f and ¢ denoted by gofis

the function gof : A — C defined by
8of) () =g (f(x)), VxeA




For gof to exist, Range of f< Domain of g

Also, Dgof= Df

The functions fand g are given by

f=10.4,2,9),3,7) and g = (4,2), 5, 0), (7, 2)

Based on the above infor mation, answer the following questions:

(i) Domain of fis
(a) {4,5,7)
(i) Domain of g is
(a) {4,5,7) (b) {4,0,2)
(i) Range of fand g are respectively
(@) {0,2,3}and {0, 2)
(c) {0,2,3}and (4, 5,7}
(fv) gof as a set of ordered pairs is
(@) 1(0,2),(2,0), 3,2))
©) {4,4),5,5),7,7)
(¢v) fog as a set of ordered pairs is
(@) 1(0,2), (2,0), (3, 2))
(© 4 4),5,5),7,7)

(b) {4,0,2)

() {0,2,3) (d) 0,2}
() {0,2,3) (@) {0,2)

(b) {4,5,7) and {0, 2}
(d) {0,2}and {4, 5,7}

(b) {(0,2),(2,2),(7,5)
(@) {4,5), 6,9, (7,5)

(b) {(0,2),(2,2), (7, 5))
@ {4 5),5,4), (7 5)

2. Letfand g be two real functions defined by f (x) = vx -1 and g (x) = 3 - 2x.
Based on the above information, answer the following questions:

(1) Domain of fis

(@) (1, )

(b) [1, ) () (-, 1) (d) (-o0, 1]
(i1) Domain of 1 is
8
3 2 3
I
(i1i) Domain of f + g is
(a) R (b) R-(1,) © [1,) @R{%
(iv) Domain of 8 is
@ Lw () L @ R- {3 @ R
(v) Domain of fog is
(@) (1, ) (b) [1, ) () (-, 1) (d) (=oo,1]
Answers '
1. () (o) (i1) (a) (iti) (b) (iv) (a) () (d)
2. (i) (b) (i1) (a) (iii) (c) (iv) (a) () (d)




