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LIMITS AND CONTINUITY

OF A FUNCTION

o1, » INTRODUCTION

The limit and colrztmuity of a function are the fundamental concepts in Calculus, which
< an ijmportant branch of Mathematics. Limt is @ number that a function ‘approaches’ as the

independent variable ij the function approaches o 8iven value. Limits are used to examine
e pehaviour of a function near a point but not at g point.

Limits are fundamental to define continuity. Continuous functions are those functions
which do not have any abrupt changes in values, known as discontinuities. One way to test

for the continuity of a function is to see whether the graph of the function can be traced
without lifting the pen or pencil from the paper. In the present chapter, we shall study

algebra of limits, limits involving logarithmic and exponential functions, right handed and
left handed limits, continuity of a function at a point and on an interval.

g.2. > LIMITS

Consider a function f (x) = x%. Clearly as x takes values very near to 0, the value of f (x)
also approaches towards 0. Then, we say

9 Lim f(x)=0

x—0

which is read as limit of f (x) as x tends to zero (or x approaches zero) is zero.
The limit of f (x) as x — 0 is regarded as the value of f (x) at x = 0.

Meaning of x — a. Let x be a variable and @ be a constant. Now, if x assumes
values nearer and nearer to a, then we say that x tends to a’ or x approaches a’ and write
itasx - a.

By x — a, we mean that
(a) x is never equal to a i.e., x # a.

(b) x can assume values nearer and nearer to a from left or x can assume values nearer
and nearer to a from right.

For example, by x — 2, we mean that

(@) x # 2

(b) x = 1.999, 1-9999, 1.99999,... to the extent that x can approach to 2 - 0.
N % = 2.001, 2:0001, 2:00001,... to the extent that x can approach to 2 + 0.
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Now, consider a function /() = |x|, % # 0
) is not defined.

f (%) is not defined at x = 0 i.e., f (0

Clearly, for values of x very near to 0, the value of (x)
approaches towards 0, which is also apparent from the

graph ofy = f(x) = |x]|,x#0. (fig. 9.1) X!

Thus, Lim f(x)=0.

x-0

Again, consider the function,

2 —
flx) = = 9,x¢3.
x—3 _ : 0 th
Let us find the values of f (x) for x very near to 3, which are given in the following tabje.
3001 | 301 | 3802

X 20 | 299 | 299 3
f@):| 59 | 599 | 599 6

6001 | 601 | 602

Fig. 9.2
ery near to 6 which is also apparent from the graph of f ()

Clearly, all these values are v

as shown in fig. 9.2
We observe in the above examples that the value of function at any point x = a does not

depend on how x is approaching towards a. There are infact two ways in which x could
approach a number, one from the left and other from the right (i.e. for values < a or for
values > a). Therefore, it leads to two limits viz., the right hand limit (R.H.L.) and the left

hand limit (L.H.L.).
Right hand limit of a function f (x) is the value of f (x) when x approaches towards a from

the right and the left hand limit of a function f (x) is the value of f (x) when x approaches

towards a from the left.
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Thus we have the following definitions :

W) Lim fG)is the value of f (x) at x = a obtained by the values of f (x) near x to th,
e

x—=a

left of a. This value is called the left hand limit (L.H.L.) of f %) at a

L] Fix)is the value of f) at 2 = a obtained by the valyes of f (x) near x to the

xX—=a

right of a. This value is called the right hand limit (R.H.L) of f (x) at
Consider the function .

_ -1, x<0
f(x)-{ W @2l AY
The graph of f (x) clearly shows that the value of f(x)
when x approaches 0 from the left (i.e., x <0)is—1 (0, 1) P——
LHL. = Lim f(x)=-1
- X

x—0" X o
Similarly, the value of f (x) when x approaches 0 —»4 0,-1)
from the right (i.e., x > 0) is 1 v

x—0
In this case ?ve find that L.H.L. # R.H.L. so, we say that the limit of f (x) as x tends to
zero does not exist even though the function is defined at ‘0’.

If for any function f (x), R.H.L. = L.H.L., then the common value of the limit of flx) at a
is denoted by Lim f (x)
xX—>a

ie., if Lim f(x)= Lim+ f(x)=1, then Lim f(x)=L.

x—a x—a x-a
Note:

1. Lim f£(x) may exist, even if the function Ax) is not defined at x = a.
xXxX—a

2. Lim f(x) may not exist, even if the function is defined at x = a.
xX—a

3. Lim f(x) may not be equal to fla) i.e., the limit of a function flx) as x — a may be different from
x—a

the value of the function at x = a.

9.3. » ALGEBRA OF LIMITS

We state some theorems (without proof) which will enable us to evaluate the limits
easily.

If f (x) and g(x) be two functions such that both Lim f(x) and Lim g(x) exists, then

xX—a xX—a
1. The limit of a constant quantity is the constant itself

i.e., Lim c = ¢, where c is a constant.
xX—a
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2. The limit of the sum of two (T more) functions 18 equa um of thejy. ),
ectmi

. im g).
i.e., Lim [f(x) +gx)] = Lim f () * %Ln;gx

—a
x—a X

8. The limit of the difference of tw0 functions is equal to the difference of tp,; lim:

ie., Lim [f()-g0)] = Limf ()~ Lim gx).

X—=a
4. The limit of the product of two functions is equal to the p roduct of their limitg

ie, Lim [f@x).g) = L1m fx). le g(x).

XxX—=a

5. The limit of the quotient of two functions 1s equal to the quotients of their ;..

Lim £ (x) .
i.e., Lim fla) | _ S f provided Lm; glx) #0.
~ B mesn g(x) le g(x) %X

6. The limit of the product of constant and the function is equal to the product of th,
constant and limit of the function

ie., Lim[cf@x)]=c L1m f (x), where c is a constant.

xX—=a

7. Lim "\/f(x) =n| le f(x) , provided lem f(x) is a real number.

plg
8. Lim [f(x)P4a= [le f (x)} :

x—a

Remark:

We know that if Lim f(x) and L1m g(x) both exist, and Lim g(x) # 0, thep

Lim f(x) - J:E‘Lntll f(x)
x—a| g(x) Lim g(x)

If Lim f(x) = 0 and L1rn g (x) = 0, then fL)lS said to assume indeterminate form 0

x—oa g(x)

as x — a. Other indeterminate forms are = —,0—00, (), o etc.

[= =]

9.3.1. Limit of a Polynomial Function

A function f{x) defined for all real values of x is said to be polynomial function if
flx) = ay+ax + ax?+ ... +ax", wherea 20 forne N,

ag, @, Ay, ..., @, are called its coefficients and are real numbers.
We know that Lmx = a
x—a

X—=a x-a

Lim ¥? = Lim (x.x) = (Lim x) .(Lim x) =a.a = a2
xX—a X—a
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Lim x® = Lim (x.x.x)
X—=a X—=a

(i =) (1,1

---------------------------------------------------
LR

---------------------------------------------

Let f(x) a0+a1x+a2x G

Lim f(x) = Lim [a;+ax +ap?+ ... +a 2"
xX—a X—=a

+a,x" be a polynomial function, then

—L1ma+L1ma

%+ Lim ax?+ ... + Lim a,x
XxX—a xX—=a xX—>a xX—a
= ¢ +a, Lim x+q, Lim 22+ ... +a_ Lim &
X—=a x=a xX—a

= ay+a,a +a,0? +
= f(a).
9.3.2. Methods to Evaluate Limit of a Rational Function

A function f (x) is said to be a rational function, if f (x) = ié %) , Where g(x) and A(x) are

polynomials such that A(x) # 0.

g(x) gla)
Let f()———(x—)sothatf() e
s Wit 0 o .
Case 1. When %% is neither 7 form nor — form
Lim g(x)
. ( ) x=a
Lm0 = Lim & h(x)  Lim h(x)

0 =)
g(a) gla . t —or — form] =f(a)
h(a) [prOWdEd h(a) ROty T

. _5_(&_)]
\:' Flol= h(a)

I‘Lus I,] ’ a j r i r orm, then l”’nlt when X als Obtalne
» J ( ) iS nelthe no y -

putting x = q.
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gla) _ 0 9 form, then the following methods can be Used .

ha 0
First Method. (Method of factors)

Factorise the numerator and denominator off(x) a
0
d when f (@) becomes free of — fol.m -

Case IL. When f(a) =

nd cancel the commgp, n
act,
s

(x-a)20[x—oaxza>x—az0]an

Second Method. (Method of Substitution)
To find Limf (x) : Putx =a + A, where h is @ negligibly small number.

.. Lim f(®) = %11)1(1) fla+h)

Now when x - a, A — 0.
x—a

Now simplify fla + &) till it is free from % form and then put & = 0.

Third Method. (Method of Rationalisation). This method can be used in cagy of

\/1+x—w/1 x ote.

irrational functi 1/
nctions, such as "1-J1-x

————— S OLVED EXAMPLES |

EXAMPLE 1. Evaluate the limits :

G) Lim [+ )] Gi) Lim b +xt 4o +28 42 41]

Solution. Clearly, the required limits are limits of polynomial functions. Hence tp,

limits are the values of the function at the specific points. Thus, we have

(/) Lim [x2(x + 1)] =424 + 1) =16 x 5= 80.

x—>4

(i) Lim1 S +xt+x3 +x2+x +1] 1P+ 14+ 124+ (-12+(-1)+1

-1+41-1+1-1+1=0.

EXAMPLE 2. Evaluate the limits :

2 5

) ) +3x+5 . ) 2 _

@ Lim 2 +540 @ Lim St *L G im, Y8
x—2 x+2 x— -1 x -1 x—-2 1+x+x +x

Solution. Clearly, the given functions are rational functions. Hence we can evaluate
0

the limits of these functions at the specified points, provided the result is not of the form 0

@) Lim 2 #3245 (2°43(2)+5 _4+6+5 _15
52 x+2 2+9 bt i R
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10 b
5 Limfc—Jr—xL1 =(—_£m4“_(;1)5_+_1__1—1+1 1
woemmweld SET TR vy My &
i) am =

io-2 14+x+%x2 +° Lim L+ 2+ 22 + x3)
xX—-2

V27 -3 i-3

1
1+-2+(-22+(-2®  1-2+4-8 5’

LE 3. Evaluate :
EXAMPLE 3.

1 x? - 81
@ xfan; 2x% - 5x -3

() Lim 22=3Wx -1
o1 2x% +x-3

- x—2 1 2 _4x+3
I _ ) Lim % —%+3
(i) x-n\:x2 -x  x% - 3x? +2x} e o1 x% +2x -3

Solution. Here all the given functions are rational functions. Hence, we first evaluate

the limit of these functions at the specified points. If the result is in the form L , then we

shall rewrite the-fomation-hy cancelling the factors due to which the limit takes the
indeterminate form.

4 _ 4
0 Lim a; 81 _ _(®°-81 _ 81-81
x—3 2x° -5x—3 2(3)2-5(3)-3 18-15-3

g
0

Thus, at x = 3, the given expression assumes the indeterminate form 9

4 2 2
. x*-81 (x“=-9)x“+9)
L - -
Now, o3 9x? _Bx—_38 (x-3)2x+1)

ST (x—3)x+3)(x%+9) - (x+3)x% +9)
x—3 (x-3)(2x+1) x—3 2x+1)
_ (3+3)(9+9)=6><18 = 108
T (6+1) 7 7
- . ©2x-3)(Wx-1 _@2-30a-1) 0
w 1.41_{1% 2x* +x-3  2+1-3 0

: : : 0
Thus, at x = 1, the given expression assumes the indeterminate form —.

L @x-3Wx-1D . @e-3Gx-1
205, e 2x% +x—3 ‘513{ (2x +3) (x - 1)
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2x = 3 [--x—>1:>,[§¢1
el b A
o (2x+3)(~[’;+1) Ly

9-3 1

—

|

=

-z:9@ 10

i :onal function.
(iii) Let us first rewrite the given function as @ rat‘ilo
% —2 1 x-2 _

~ xx-1 x(x? -3+ 2)

xz—x—x3—3x2+2x
call s
" x-D x(x - Dx =2

x2—4x+4—1

—92-1 _

oo ME T e
= x(x — 1)(x -2)

x2—4x+3
T et e <
x(x-1(x-2)

2_4x+3 0
x—2 ____]:___———-\ = Lim-—x————"g'c"‘_ {6 fOrm}

= 1 x(x - D(x—2)

N | el Bl k.
=L1m—m %g% x(x —2)

Hence, Lim
? w1 x? -2 x3—3x2+2x

=)

x—1 x(
I s e
11=2) ok

. . 0
(iv) When x = 1, the given expression assumes the indeterminate form o

Putx=1+h. Nowas x—1,h— 0 [Using substitution method]

*-4x+3 _ L. 1+h)?2-40+h)+3

1 m
1;5‘} X2 +2x-3 K0 L+ R)E +2(1+h) -3
1+h2+2h-4-4h+3

Lim =
h>01+h%2+2h+2+2h-3

 RKZ-2h _. hh-2
— L1m————= 1m
h—0 h2 +4h k-0 h(h+4)
. k=% -0=2, .2 1
= Lim =— = =-—,
F50! Bk o0 ol sy v 12
EXAMPLE 4. Evaluate :
. 2 _ 4 x3 — 64 3 —4x-15
G) LimZ Gi) Lim T .
xo2 X%-2 fod x2 — 16 ) Ly e —6x 18

o
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i

SR W R e
solution- (i) First Method (By Factors) N -
0
Lim ol Y Lim &+ 2)(x - 2)
x—=2 x—-2 B x l_,n; '_—x—_-z—~
= %1_)n;(x+2)=2+2=4, ['-'x—>2meansx—2¢o]
gecond Method (By Substitution)
putx=2+h' Now asx > 2, h —0
2 —
LimE =% o i @R -4 4uhignog
*22 x=2 B30 24R-2 %o h
= Lim h(h + 4)

oo p —Lm (h+4)=0+4=4.

(ii) When x = 4, the given expression assumes the indeterminate form 0

, . (x-4)(x? + 4x + 16)
Lim T :
Now, s34 x2—16 - mird (x - 4)(x + 4)

[Dividing the numerator and denominator by x —4dasx >4 = x#4]

2
- Lim X t4x+16 (4% +4(4)+16
x—4 x+4 4+4

16+16+16 48
—=— =6.
8 8

(iii) When x = 3, the given expression assumes the indeterminate form 2

x2 —4x-15 o (x-3)x?+8x+5)
Now, Lim — 5 = Lim :
x—>3 x° +x“ —6x-18 x—>3 (x —3)(x* +4x +6)

[Dividing the numerator and denominator by (x-3)asx >3 = x-3=%0]

. x2+3x+5 9+9+5 23
= Lim D) = =
x>3 x2+4x+6 9+12+6 27

EXAMPLE 5. Evaluate :
1 4
) ' 1 4 s i =
0 tinfty- ) 1l =)

4 (1 2
Solution. (i) Lim( E ] = le( )}

-t
2l x—2 x3—92x o2\ x-2 x°(x-2
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= IR Px-2 2 z(x-2
o, aed 243 2

=hm=2 "4 4

3
1 3 1
(W) I‘Jﬂg v -5x+6)} - }'Ln:]; [x 3 x(x-20(x-3)

2_ —
_ Lim 2(x-2)-3 _1im % 2% -3
e 8 x(x—-2Ax—-3) -3 x(x — 2)(x - 3)

(x + 1)(x-3) = A x+1

= Lim -8 508 xx-2)
lg+1. 4
-~ 33-2 3

EXAMPLE 6. Evaluate :
Ji+x -VJ1-x 3-5+x
(i1) le
4 1-,6-x

2%

(z) Lim
x—0

Solution. (i) When x = 0, the given expression assumes the indeterminate form _g

Vitx—+1-x Li Vitx—41-x \/1+x+1)1 X o
[Rationalising]

Li =
Now,  Zard 2x xLO 2x \/1—+;+\E x
— Lim A+x)-A-%) 1. 2x
250 9x(\[1+x +41-x) =0 2% (V1+x +v1-x)
1

=Lim =
Hoerm 2

(ii) When x = 4, the given expression assumes the indeterminate form —
0

NOW le _(?;___— u5+x = le
x—4 1-./5-x

—J5+x 14+ yb=x 3+-.,/5+x
1-J6—x 1+1/5 X 3+\/5+x

o [9—(5+x)>< 1+,/5-x]

1-6-x) 3+ 5+«x

} [Rationalising]

e T B [5—
= Lim 4 X < Uk Lo - Lim (_1)x1_+_5_i
x4 (x-4 3+5+x x4 3+J5_+_9;
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1 Evaluate the following limits :

) Lim [x8 — x2 + 1)

Lim (i1) }_i)l{ll 1+x+x2+..+x19
i) Lim [(x = 1)% + 5] (iv) Lim (10"x+1),ne N
x=1 x—0
9. Evaluate :
2
x +1 4 3
N Li s ¥ x*—=3x"+2
@ M x+100 - aIch)n(I) x® -5x2 +3x+1
2 J =
i) Lim 5—> (@) LinydotEdelon
x23 x+2 x—0 l+x
3. Evaluate :
. 4x?-1 8 _4x?+4
" . - x“ + 4x
© o1 L
2
3 2 2 '
e x° —2x ) x“-9x+ 20
Lim ——— im —————
) I T b6 W) i ex+5
3 2 2
. 4
) Lim x +2x +4x+3 @) Lim 3x2+5x+2
x— -3 x“+2x -3 x_,_E 3x“-4x-4
3
4. Evaluate :
— 2_
© LimY*=Ye ) Lim %~ —=2
xoae XxX—a x—2 X +w/§x—4
n . (@2 -x-12)1 . . xt-9
Lim (fv) Lim
@) i s 82 + 160 2043 22 +443x— 15
5. Evaluate :
4 1 s . 2 1 1 )
. ; Lim (x —9)[ +
(z) %L%(x2—4+2—x) @) x—>3 x+3 x-3
1 x . . 1 2(2x - 3)
PN _ (iv) le( =
(tii) %1_1)1} (x2+x—2 x3—1) =2 \x-2 x3-38x%+2x
6. Evaluate :
. x o . Y1+3x-41-3x
© xi»n(l) 1-J1-x (i) xl)n(l) X
B ) o %
(i) Lim g ? (v) Lim Y2ZZX2 o

x3 3x-2-Vx+4

x—=0 x fa(a+x)
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1. () 1 (@) 1
3. @) 2 @) 0
2

4. @) — @) -
@) ol i 3
6. ) 2 (@) 3

9.4. > ASPECIAL LIMIT

For any positive integer n,

(i) 6
(i) —4
(@ii) 0

Gii) 647

L

x

im
—a

(A ”
(iv) 1 2. (i) 01 Gi) 2 (i) 0 ) o
7 . |
(iv) i— ()= 1 (vi) — 3
1 5 Y |
(lv) 2 5. (1) — Z @) 6 (i) - 5 (i) ,l

(iv) 2232

n n
-a &
- nan 10

x—a

Proof. Dividing (x" - a”) by (x — a), we get

(x

x—a

= na"~1!

n

=na

x"—a®
n n
. x"-a
Lim
xX—a xX—Qa
n
. X -a
Hence, Lim ———
x—a x—a
Note:

n-1

: = -2
Lim x*~1+ax" " 2+..+a""x+a

a*-l+aa*2+..+a* 2a+a

—a)arl+ax i+ +a*~% +a* 1Y)

n—l]

n—-1

a*-l+a*1+..+a" 1+a* ! (n terms)

1. The expression in the above theorem for the limit is true even if n is any rational number and a is

positive.

2. The result of this limit can be used directly in the problems.

EXAMPLE 1. Evaluate:

5
0 Lim 2
x—>3 x° -9
I s
(é2i) f’f,"; 13 _ 913

X x—a\/c;
xX—a

(x + 232 —(a +2)°%?
X —a

(it) Lim

X—a

(tv) Lim
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5o x° - 243 Ly 20— 88
. - im
Solution. (i) Lim —; it Lim —*~8 _2x-8 x-3
x° -9 x—3 x2_9 2 32
Lim =—
x-3 -3 x-3

_ 8/2 _ _3/2
g) Lim 22 = Lim X —% " _3 an
x—=a x—a x—>a xX—a 2
_3 w2 _ 3
2 =gle
x1/4 21/4 1 l_
14 _ol/4 v —(2)4
(i) Lim ¥ 2 o Li 1 -
o2 13 _9ll3 x—>2 x1/3 _9l/3 1 L
x—2 5(2)3
1 B 11
3 ong-l-5tl- 8 . =-2..8
=—(2)4 3 =294 3_2 o112
4 4() 4'2
3/2 _ 3/2 3/2 _ 3/2
(iv) Lim (x+2) (a+2) 2 (x+2) (@a+2)
0 x—-a (x+2>@+2) (x+2)-(a+2)

3 2—1 3
==t D iatragonm 12
2(a+2) 2(a+2) -

EXAMPLE 2. Evaluate

1+x -1
G Lim a2
X

x—0

(it) Lim

Solution. () Puty =1+x,sothatasx -0,y —> 1.

JIrz -1 o
P T LS N
x—0 x yo1 y-1
Haa .
. y2-12 1 2o
= — (12
];1—?} y-1 2()
1
- L ro2x1=2

I+x)°f -1
x=0 (I+x)% -1
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) Put1+x=y,sothatasx->0,y"’1

6 6.]
e
v QexP-1 -1y -1

s

Lim —— 6-1 n_ . n

= _‘}‘_—:_l,.l:——]L—z—G—(—].-)‘Ethé =3‘ [."Limx—_a‘=nan~1
Pt gyl e 2 #44. Xg

%I—I»I{ y-1
2y Nowasz— 0,y 1

3.1 .. (y-DO*+y+D)
= Lim

Alternative method : Put (1 +%)

2 +ad° .
EXAMPLE 3. If Lim = 9, find the values of a.
—— z--a x+ta

9 9
. 3 x" t+a
Solution. Lim =9
x-o-a X+a -

9 9
Lim £ =C%) _g o 9qgP1=9
io-a x—(-a)

= 98=9 = a8=1 = a=zx1

— - 4 _ _ 33
EXAMPLE4. If Lim *—2 = Lim x—z—k—z, find the value of .
_— ol x—1 x-okx° -k

4 3 2
Solution. Lim £z —1 = Lim x" —k
o1 x-1 ok x2 — k2
x3 - B3
4 14 =
= A N PRt
r—>1 x-1 x>k xZ_kZ
x—Fk
3 _ 13
- Limy
bert lex —1 _x—)k .:—kz
x—-1 x-
Limx k
x>k X-—
3(k)? " -a" -1
= 4(1)3= o L =na"
20k)" [ ae x-a
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- L EXERCISE 9,-2&

1. Evaluate :

3
x" -1 10
. . .y . x —-1024
(1) %‘_{‘} x—1 (i1) %1_)11; P oo
g x15 -1
(iir) s 201
9. Evaluate :
W e A+ -1 L g3 s
(i) 1-'5% - (@) 1—‘5’; 38 _ 7
(x+2)5/3_(a+2)5/3 . ) 1-x 1/3
e . L
(i) }anl: x-a o) xl—I’I} 1-x %3
x® - a®
3. If Lim =9, find all possible values of a.
x—=a X—0a
x" - 2"
4, If Lin% 2 80 and if n is a positive integer, find n.
x— =
x° —a®

5. If Lim

x—=a X—Qa

= 405, find all possible values of .

3
1. G) 3 (@) 5120 (iii) =
8 e D 1
2. () n (i) rka 112 (iii) E(a+2)2/3 (iv) 2
3. a=x21 4, n=5 9 a=+3

9.5. » LIMITS INVOLVING EXPONENTIAL AND LOGARITHMIC FUNCTIONS

We have already discussed exponential and logarithmic functions in the previous chapter.
We now state some important standard limits (without proof) involving exponential and
logarithmic functions.

. log, (1+x)
L it - ol = 1
@) L‘m% A+x)V*=e () Lim "
S St |
@) Lim & —Y-1 | (iv) Lim =loga

x—-0 X
x—0 x
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EXAMPLE 1. Prove that :

(i) Lime* =e e

x—=1
Solution. ({) Putx =1+ A. Now asx = 1,h—0
— Lim e!** =Lim e*. ¢
Lime* “F3¢  =iLo
x—1
=eLimeh=e.1=e.
h—0
(ii)Puty=£.Nowasx—->e,y—>1
e
: = Lim log ey
Lim logx =42
=Lim (log e + log )
y—1

=1+Limlogy=1+log1=1+0=1.
y—1

EXAMPLE 2. Evaluate Lim ‘28" .

x—>1 X —

Solution. Putx-1=y; x=1+y. Nowasx —> 1,y —> 0.

log, x — Lim log, 1+ y) = &
y—0 y

Lim
x—1 x—1

EXAMPLE 3. Evaluate :

(i) Limlog x = 1.

Yo 1% ELEMENTS OF APPLIED MATHEMATIC [XI
) |
|

dSOLVED EXAMPLESH

i i r S = sse . x _
(@) Lim a*-b (i7) Ty 2T Gin Lim a 1.
x—0 X x—0 X 0 bx — 7
x _ x x- N x_
Solution. () Lim % —2 = Ljm @& ~D-¢"-1
x>0 x—0 X
£ x
~Lim %=1 pm 21
-0 x x>0 x

=loga—logb=log%_

x -x

e*-1)—-(e"*-1)

w . € —¢ )
(@) Lim ——— = Lim
-0 X x>0 x
o -x
. e -1 ) =
= Lim — Lim £ 1
x-0 x x—0 x
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ST R, 07
v €= R
=le + i vi _1
a0y, AR :
4 [,Asx—éo,-x—>0]
=1+1=2.

x
. oa* -1 Li a* -1 "y Lim2 —1
g LimS— = Lim| S .bx_1}=x—>0 i

Lim 2 =1
x—=0 X
log a
logd’

: base of log is mentioned o .
Note: ‘Z Z; : f » then it is taken for granted that the base is e. Thus log a is same
, @

2+ 2
EXAMPLE 4. Evaluate Lim & .

—e
ST i x—0 x
2+x 2
. . e - e 2 x 2 2
Solution. Lim —— = lee .e” —¢ 1 e (e* —1)
x—0 X x—0 x 50 =
2 . e
=e”.L =62 1=e2
x>0 X

x 5
EXAMPLE 5. Evaluate Lim e L
x5 x-—-5
Solution. Put x=5+h. Nowasx —>5,h—>0

x 5 5+h 5
= e —e o
Lim = it £ e

= L1@m——--
x>5 x=5 -0 5+h-5

5 h_ 5 h _
- Lim Eo e 5| € —1] o6 g s
h—0 h h—0 h

EXAMPLE 6. Evaluate the following limits :

(t) Lim log x — log . (i) Lim log (a + x) — log (a—x),a
x—>2 x —2 s 0 x

Solution. (i) Put x = 2 + h. Now when x — 2,h—0

>0

2+h
log (2 + h) - log 2 : log( )
Lim logx—log2 _ Lim g = Lim

2
x—2 x—2 "~ h=0 2+h-2 h—0 h
h
. log(1+§) 1_1 -1_=_1_
=L . 2 2 2
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log [a (1 + xﬂ - log {a [1 - f)]
— log (a — x) T a a |
i) Lm(’, log (a + X) - g - 1"1;“6 "
[log a + log (1 + ZJ] - {log a + log (1 .- gﬂ
s z
log (l+£)—log (1 - 2)
=Lim a
x—0 X
log 1+£) log (1—£j
lLiml — | |Lim x
B xl{%; x/a x—0 (—a) —x/a
1 1 2
=t —=—,
a a a

1. Evaluate :
(@) Lim (1 + 2x)lx (@) Lim (1 + bx)¥* Gij) Lim (1 + 3x)V4&
x—0 x—0 x—0
2. Evaluate :
- 3x
) . §F-9% . a’-a? o G L8 =1
@) aIcJ—IF(l) " (i2) ?Ll% —__y (iii) xl)n(l) "
il | 7 -1 . 3%*T_9
. s . - L
@) %Lnll) 3*-1 @) %l)n(l) X (vi) x—lami) x
3. Evaluate :
2
w .. €e-x-1 o T e’ —e N Y
@) }41)113 ST @) Am (iiz) xL_l)Izll o3
bx _ jax X _ X 1%
(iv) Lim O<a<bh () Lim @0~ ~0"+1
x-0 X x—0 x
4. Evaluate :
(i) Lim log (1 + 3x) G Lim log x — log 5
-0 3 -1 x—>5 x-5
Gip) L0810+ %)= log'a P AAE b EN
x—0 x x—>2 log,(x-1)

/
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HANSWERS §

L G e (ii) e® (i) ¥4
o @logs G 2lga  GD3 () B2 () 2lg7 (i) 91
) 2 log 3 g4 vi) 9 log 3
3. (@) 0 (ii) e? Gi) L @) b-a () (oga)(logb)
e
. 1 i 7 .
4. O 3 @) 5 (€27 = (v) loga

9.6. » EVALUATION OF LEFT HAND AND RIGHT HAND LIMITS

We are aware of the fact that the statement x — a~ means that x is approaching a from
the left hand side i.e., x is a number less than a but very close to a.

Similarly, x — a* means that x is approaching a from the right hand side i.e., x is a
number greater than a but very close to a. We have already given a brief idea of left hand
limits and right hand limits in earlier section which we define as follows :

9.6.1. Left hand limit of a function

Let f (x) be a function of x. If f (x) > 1 as x - a-, then [ is said to be the left hand limit of a
function f (x) at @ and we write it as

Lim f(x)—l or Lim f(x)=1.

x—a-0 x—oa

9.6.2. Right hand limit of a function

Let f(x) be a function of x. If f (x) = [ as x — a*, then [ is said to be the right hand limit of
a function f (x) at @ and we write it as

Lim f(x)=1 or le f(x)=L1.

x—a+0 x> at

Remark :

The limit of f (x) as x — a exists, if and only if both right hand and left hand limits exist
and are equal. Thus Lim f(x) =1 ifand only zf le f (x)=1= Lim f(x).

x—a x—a-0

9.6.3. Working rule to calculate left hand limit and right hand limit.
@) Left hand limit = Lim f (x)

x—a-0

Asx —a—0; putx —>a—h; whereh -0

~ LH.L. = Lim f(x) LLH}) fla-

(i)  Right hand limit = xgiﬂ o f (x)
Asx —a+0;putx=a+h, whereh -0
RHL.= Lim f (x) = le f(a+h).

x—a+0

TS e S e ———
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M SOLVED EXAMPLES R

| :
EXAMPLE 1. Show that Lim — does not extst.

x—=0 X
J 1 — T ___1 =—Lim.l = — 00 [Putt
Solution. L.H.L. = %lng_ i Lim o= = = i mgx=0‘h]
| I 1 .1 .
- 1 —=L —:le—zoo [Putt
R-H-L--Hgix hH% 0+h hoO0h lngx=0+h]
Now, L.HL.#RH.L.
Hence Lirr(x) 4 does not exist.
x—=0X
EXAMPLE 2. Evaluate the following one sided limits :
2
x-3 & . x“ -1
s L
® xL—l)nZl*' x2 -4 (u) x—)igf (2.% + 4J

. . ) -3 . (2+h)-3
Solution. (i) Lim - Lim =™ ~<
Siians xf; x% -4 h—u»]%)(2+h)2—4

[Puttingx =9, i

h-1 . h-1 1
= Li = Lim =—— = —oo,
b (4+4h+h%) -4 h>04h+R* O
2 2
&=l Tl [Puttin,
- : _ X=—9
2 xi‘%?%)+ [2x+4) s 2A-2+h)+4 4 ]
(4-4h+h)-1_.. 3-4h+h®
T hn0 (-4+2m+4 kS0 2
_3-0+0_3 Y
S0 - O
EXAMPLE 3. Evaluate the following limits, if they exist :
@) Liné | x-2] (i1) Lin: V8- 2x
x— x—
Solution. (i) LH.L.= Lim |x-2| = %in(l) |2-h-2| [Putting x =2-h]
x—27 -
= Lim |-A| = Lim A=0
h>0 h—0
RHL.= Lirzq |#~2] = Lim |2+ A -2 [Putting x =2 + ]
x— -
= Lim |A| = LimAh=0
h—0 h—0
Now, LHL.=RHL.=0

Hence, Lim |x- 2|=0.
x—>2
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@) LHL. = Lim V8-2x = Lim V8-2(4-h)

x=4" h—-0

[Putting x =4 - h)

I

}:in& V8-8+2h = Lim J2h =0
= -0

R.H.L. xL_i:;l+ V8-2x = ’11,1_1)% 1/8 -2(4+h) [Putting x = 4 + h)

%i_r)% V8-8-2h = %E% v—2h , which is not defined.

]

Hence, Lini V8 —2x does not exist.
x—>

EXAMPLE 4. Determine whether the following limits exist :

(@) Lim S (@) Lim la] , Where [x] denotes the greatest integer < x.
=0 | x l x>0 x

Solution. () L.H.L.

I
=
B
Il
=
B
|
Il
|
—

[Putting x = 0 — h]

ol
0O+h A .
R. Ju, = i: i =— = = h
HL "L_l’%l*’lxl }1‘1—%|0+h| > 1 [Putting x = 0 + h]
Now, LHUL. # RHL.
Hence, Lim *_ does not exist.
x—0 |x|
G) LHL. = Lim - pim@=# [Putting x = 0 — h]
x>0 X h—>0 0-h
N o LD
= Lim === = Lm — =
I - o e (R O [Putting x = 0 + Al
RHL = Lim > =Lim < g
5L LAUTTRIE wRe S0
= Lim =17

Lim =l does not exist
Now, L.H.L# R.H.L. Hence 10— )

EXAMPLE 5. Find Lin; [x].

x——

2 2 \:Puttingx—é—h]
Solution. L.H.L. = Lir?_ [x] = %l—f% {—2- - h] =2 =

_—)
g
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; &l
= 1.3 - Lim | — =2 . i
RHL. = Lu; [x] = Lim [2 + h] [ Putting % §§*
x—>5 P) h}
Lim [x] =
.|
7
. B 2x + 3, x< 0
EXAMPLE 6. Find Lim f(x) and Lim f (), where f(x)= {3(x +1), x>0
Solution. For Ling fx):
LHL. = Lim f(® = Lim_ (2c+3)
x> 0" x—0
= {{)n(l) [200-h)+3] =3 [Putting X< O\h]
RHL. = Lim_ f(x)= Lim_ 3(x +1)=3Lim_(x+1)
x>0t x—0" x— 0t
o : 1]1=83x1=3 [Putting x -
3.}1{)1% [0+ A) +1] u ing =04y
L.H.L. = R.H.L. Hence, Lin(l) f (x) exists and is equal to 3.
x>
For Linlz fx):
LHL. = Lim f) = Lnil_ 3x+1)=3 L1m (x+1)
x—1" x—
= 3Lim 1-hA+1) [Putting x = 1-}|
=3x(1+1)=3%x2=6
RHL.= Lim f(x)= Lim 3(x+1)=3 Lim (x+1)
x o1t x> 1t x—1t
=3;I{'i_,l% d+hA+1) [Putting x =1 +h)

=3x(1+1)=3x2=6

L.H.L. =R.H.L. = 6. Hence, Lim f (x) exists and is equal to 6.

x—>1

EXAMPLE 7. For what value of k does Liml f (x) exist, where f is defined by the rules
—_— x—

o - [P <
A PR R &

Solution. When x < 1, f(x) = 2kx + 3
LHL. = Lim_ 2ke+3= Lim 2k(1-h)+3 =2k +3 (Putting x=1-

x—>1"
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g
whenx > 1 fo) = 1-ka?

= i - 2 1
R.H.L. %1_}1!%1 kx —}:‘1—%1_’2(1+h)2=1—k

[Putting x = 1 + h]

Now the limits exists if R.H.L. = LH.L.

" ok+3=1-k = 3k=-2 = k=—3
K a+b 1 "
Xy X e
E.XAMPI.I‘.& Letf(x)=4 4 , x=1andif Lim f(x)=f(1), what are the possible
—_— b—ax, x 1 x> 1
yalues of @ and b.

Solution. R.HL. = El—{ri* fx)= 141_’11} , (b—ax) [~ fx) =b—-ax, for x> 1]

= %1_1)1(1) b -a+h) [Putting x = 1 + h, so that asx — 1, h - 0]

=b-a
LHL. = 141_)1!;_ fx)= Lin:i_ (a + bx) [ f(x) = a + bx, for x < 1]
= %1_1)% la + b(1 - h)] [Putting x = 1 - h, so that as x — 1, h — 0]
=a+b :
It is given that Lin% f) =fQ) N\
RHL. = f(1)=LHL. = b-a=4=a+b [ D=4
Thus we have the equations \ \
a+b =4 (DN
—a+b=4 -.(2)

Solving (1) and (2), we get a =0, b=4

Hence, the possible values of a and b are 0 and 4 respectively.

EXAMPLE 9. Let a function f be defined as

x, -if 0sx<

K
I

Al oo Rl o

f )= 1 0, if

1
= if —<x=s,
x-1 if =

Establish the existence of Lin‘IL f G

x—)E
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Xn’%
, o 1
Solution. RH.L. = Lin}+f(x)= L1ml+(x— 1 [ Whenx>§,f(x)=x\
x2g X2y 1]
1 gy - 1
- Tam [=%h=1 Puttmgx———+h,sothatwhenx—;,
- th%( ] [ 2 2"‘*0}
= —]-.- +0-—].=—"l
2 2
LHL. = Lim f(x)= Lim_x ['.’Whenx<l,f(x)~
e Yo 2 e’
2 2
- Lim 1_4 puttingx=-1——h,sothatwhenx_.>£ s
T ko0 \2 2 2’ 0
= _1__0_—_-1
2 2

Now, RH.L. # LHL. Hence, Lin% f (x) does not e

xist.

_9——
7y

d 'EXERCISE 9.4 w

1.

Evaluate the following limits, if they exist :

A g o ra [2=2 (i) Lim [x]
(5 im ] @ Lim = =
s . x-1] (vi) Lim ——
(iv) %1_)1% x — lx] ) Eﬁ* i x>0 | x|+ 22
Evaluate :

oy pa Sxt|x]
) Lim i) Lim_—= G L o s
@) %-l—l»%’f ™ s %] x>0 Tx—5|x|

Evaluate the left hand limit and right hand limit of the following function at x = 1:

-4, i <1
fx)= Bt B O . Does Lim f (x) exist.
4x% - 3x, if 1<x <2 =1

2x + 3,1 <
Find £ so that Lim f (x) exists where fx) = b S’Tf z 2.
x—2 x+3k,1f x>2
S A
2 2
ffe=1{ 0, if x=%, find Lim f (), if it exists.
x— =

2« , if x<l
| 2
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ax+b, if x>1

6. Let f (x)= { Sbx—2a+1,if x<1 " Find a relation between a and b so that Lirri f (x)
x—

exists.

ﬁ ANSWERS _

. @ 0 (i) does not exist; RHL. =1, LHL. = -1
(iii) does not exist; LHL =0, RHL. =1

(iv) does not exist; LH.L. =1, RHL. = 0

0 i) -1
3
2. @) 1 (i) 3 (i) does not exist
3. LHL. =1, RHL. = 1; exists 4. k= %
5.1 6.3a—2b—1=0

9.7. P CONTINUITY OF AFUNCTIONAT APOINT

Generally, we observe that a function is continuous at a fixed point if we can draw the

graph of the function around that point without any break in the graph or more precisely
without lifting the pen from the plane of the paper.

Geometrically we say that a function y = f (x) is continuous at x = a, if the graph of the
function y = f (x) is continuous (without any break) at x = a.

Definition. A function f (x) is said to be continuous at a point x = a of its domain if

G) f(a)exists, i.e.,f (a)is finite, definite and real.
(@) Lim f(x) exists.

x—a

@) Lim f(x) = f (@)

Thus, f (x) is continuous at x=a < Lim f(x)=f(a) & Lim f(x)= Ljﬂg f ) =f(a).

In other words, a function fis said to be continuous atx =a if the left hand limit (L.H.L.),

the right hand limit (R.H.L.) and the value of the function at x = a exist and are equal to each
other.

A function f (x) is said to be left continuous or continuous from the left at x = a, iff

()) Lim f(x)exists and (i) Lim f (x)=f(a)

t>a” x—a

A function f (x) is said to be right continuous or continuous from the right atx = a, iff
() Lim f(x)exists and (i) Lim f (x)=f(a)

x—>a’ x—a
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x = a iff it is both left as we)) ,
A righy

Thus, it follows that a function f (x) is continuous at

continuous at x = a.

Remark:
R.HL. = Lim f(x)= %m& fla+h)
x—a = L
LHL.= Lim f(x)=Lim f(a- h), where # — 0 through positive values,
TU o h—0
oint as follows :

Thus we may also define continuity ata p
A function f (x) is said to be continuous atx =a, if N
Lim fa+h)=Limf@-h=f (a), where h — 0 through positive values.
h—0 h—0

9.7.1. Discontinuous Function
x = a ifit is not continuous at x = a. In othey

A function f (x) is said to be discontinuous atx=al _
words, a function f (x) fails to be continuous at x =a 1 either of the following cases :

() fisnot defined atx = a i.e., f (a) does not exist

() Lim f(x) does not exist, which happens if either xlﬁfzn_ f(x) does not exist or,

x—a
'Lim f(x) does not exist or both Lim f(x) and I:ier f (x) exist but are not equa],
x—oat r—oa” x—a

(i) Lim f(x) exists but it is not equal to f (@)

xX—a
The point ‘@’ where the function f (x) is discontinuous is known as point of discontinuity,

9.8. p ALGEBRA OF CONTINUOUS FUNCTIONS
Theorem. 1 Iffand g be continuous at a, then
({) f+giscontinuous ata.
(ii) f-g is continuous at a.
(iii) cfis continuous at a, where c is a real number.

(iv) fgiscontinuous at a.

) g is continuous at a, provided g (a) # 0.

(vi) = is continuous at a, provided f (a) # 0.

Proof. (i) Since fis continuous atx =a

Lim f(x) =f(a) w8

' x—a
Since g is continuous at x = a

Lim g(x) =g (a) (1))

x—a
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Now, {41)11: [fx)+gx)] = }{)rr; f(x)+ }:Ln; 8 (x)=f(a)+ gla) [Using (i) and (ii))
. f+g is continuous at x =q,
proof. (iv) Since f and g are continuous at x = a.
%l_)rr; f(x) =f(a)and %er; g (x) = g(a) (D)
o Lim (fg) (x) = Lim £(x) g(x)
= E)n; f(x). %LH; g (x) =f(a).gla) [Using (i)]

=(fg) (a)

- fgis continuous at x = a.

Proofs of (1), (iid), (v) and (vi) are left as an exercise for the students.
H?;SOLVED EXAMPLES _

EXAMPLE 1. Examine whether the function f (x) = x2 is continuous at x = 0

Solution. Here we observe that the function f (x) = x2 is defined at the given point i.e.,
-0 and its value is 0.

Now, le f(x) = Lim x2=0
x—0
Thus, %1_5% fx) = f0)=0

Hence, f (x) is continuous at x = 0.

xz—

. , when x # 1 . ;
EXAMPLE 2. Iff(x) =4 x—1 ; show that f (x) is continuous at x = 1.

2, whenx=1

x2-1 . i(x=1)(x+1
Solution. L1m flx) = Lim = =Lim E-D&+1)

x—1 x—1 2x-1 x-1

Also, f =2
Lin} flx) =f(1)=2

=Lim (x+1)=2
x—>1

[Given]

Hence, f (x) is continuous at x = 1.

EXAMPLE 3. Discuss the continuity of the function f (x) at x = 1, where
-3

’

1
_ —<x<l1
g

f&) =1

2
3
2 )
L
2

L
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3 _]_'_<x<1
2 M 2
3 -1
Solution. Here f(x) = J 7’ x
3 4y 1<x52
4
a2
Atx=1: L.H.L. —-L1m fx)= L1 2
L [Putting x = 1
= ——(1 h)=— i
e 2
3
RHL. = Lim_f(x)= L1m -2-
x—)l+
=Lim — +(1+h)-— 2 [Puttingx=1+h]
L0 2
Now, LHL #RHL.atx=1

= Lim f(x) does not exist.
x—1

Hence, f (x) is not continuous at x = 1.

EXAMPLE 4. (i) For what value of k is the following function continuousatx=2:

2
x —4 L EEL
flx) = { x—2
k, x=2
(ii) Determine the value of the constant ‘k’ so that the function
.2 s-afwel .
fl) =4 || is continuous at x = 0.
3 , if x20
2
ad 4, &2
Solution. (i) Here  f(x) = { *—2
g x=2
2
Lim f(x) = Lim > o4 _Lim&=2E4D) e (D)=
x—2 xr—52 x—2 x>2 x—2 x—o2
Also, f@Q) =k [Given]

As the function is continuous at x = 2

%i_’nzlf(x) =f(2) = k=4,



flx) ={—%
e [ =- |
89 = (S B30 || x for x < 0] |
-k, ifx<0 i
= f(x)_{S,ifoO ' |

Now, f (x) will be continuous at x = 0 if

Lim f(x) = L1m = £(0)

x—0"

= -k =3 = Ek=-38.

continuous

2 Z
EXAMPLE 5. For what value of Ais the function f(x) = Ma” = 22), if x<0
dx+1 ,if x>0 |
ot x = 0 2 What about continuity at x = 1 ? |

Solution. Atx=0: L1m f(x)=Lim A (x2-2x)= lex(h2 +2h) =

|
x>0 !

Lim f (x) = Lll% (4x +1)= Lin% (4h+1)=40)+1=1

x-0t

Lm(} f(x)= LlIf)l f (x) i.e., limit does not exist for any value of A and hence f(x)is not
x—

continuous at x = 0 for any value of A.

Atx=1: Lm%f(x) L1m(4x+1) 41)+1=5
Also, f=41)+1=5

Li_?if(x) =f @)

Hence, f (x) is continuous at x = 1 for all values of A.

2x+1, x<2
EXAMPLE 6. For what value of k, the function f(x)= ki~ x=2
3x-1, x>2

is continuous at x = 2.
Solution. LHL. = Li1121_ f(x) = Linzl_ (2x+1)
Putting x = 2 — h, we have
' —h)=Li I =Li -2h+1)=5
LHL. = %1_1)1% f2-h) %1_{1(1) {22-h)+1} %1_{% (4 +1)
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R.HL. = %gréJr f(x)--%l_)n;+ (3x-1)

Putting x = 2 + h, we have |
i ~1)=Lim (6+3h-1)=
R.H.L. ={.:1_)n(1) f(2+h)=%agr3 (3(2+h) -1} =AM )=5§

LHL =RHL.=5

The function will be continuous atx=2iff(2) =
lationship between a and b so that the function defineq by

EXAMPLE 7. Find there

ax+1,if %<3 is continuous at x = 3.

f(x)={bx+3,if >3

Solution. Atx=3: :
i = Li J2hy+1
LHL. = Lim f(x)= Ll)nsl_ (ax +1)= };g% [a 3-h)+1]

X

x—3

[Putting x=3_y

= Lim(3a—ah+1)=3a+1
h—-0

RHL. = k)n:;+ flx) = ,I:l)ngl"' (bx + 3)= %Ln(l) [b(@3+h)+3]
[Putting x =3+

- Lim 3b+bh+3)=3b+3

h->0
Also, fB) =a@+1=3a+1
Now, f (x) will be continuous at x = 3 if Lin;_ f(x)= Li1131+ f@x)=Ff@3)
x> x—
2 2
3¢+1=3+3 = 3@-b0)=2=>= a—b=§ =% a=b+§

which is the required relationship between a and b from which we can find the value of a for any
arbitrary value of b.

3ax+0b, if x>1
ERRMELE 8. I iheimmien (el 11 , if x=1 iscontinuous at x = 1, find the
bax -2b, if x<1

values of a and b.

Solution. Atx=1:

RHL =Lim f(x)=Lim (3ax+b) = Lim [3a(1+4) + b] [Putting x =1 +h]
-

x—1 r—1t

=hLi_>n3(3a+3ah+b)=3a+b

LHL. = Lim f(x)=Lim (5ax —2b) = Lim [5a (1-h) - 2b]  [Putting =1 -]

x—1" / P

=I}£I)I&(5a—5ah—2b)=5a—26
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Also, f) =11 [Given)
since the function £(x) is given to be continuous at x = 1
LHL =RHL. =fQ)
b=11
" 3a + A1)
and 5a—2b=11 . (2)
Solving (1) and (2), we get @ =3, b =2,
EXAMPLE 9. Discuss the continuity of the function f(x)= | x | atx =0.
Solution. We have f(x) = | x |
-x, if x<0
flx) = ;
x, if x>0
Clearly, f(x)is defined atx =0 and f(0) = 0.
LHL. = }in(}_ flx) = 143%— (-x)= Lim (-0-m)=0 [Putting x = 0 - h]
RHL. = ,Ic“i“&+ fx)= }i% (x) = };i_% 0+h)=0 [Putting x = 0 + h]

LHL = RHL = Lir% f(x)=0

LLII% f(x) = f(0)=0. Hence, f(x)is continuous at x = 0.

22|
—,x#2 ,
EXAMPLE 10. If f(x)= < 2_4 x ; find whether or not, fis continuous at x = 2.
-1 ,x=2
Wx—2|x¢2
Solution. Here f(x) ={ 2—-x
| -1 ,x=2
—(;—zj,ifx<2 1, ifx<2
-
= f=3 -1 ,ifx=2 = f=3-1 ifx=2
;‘2, if x> 2 -1, ifx>2
| 2—x
At x=2; LHL. = Linzl_ 1=1
x—
RHL. = Lim (-1)=-1
x—2F

LHL #RHL = Lin% f(x) does not exist.
x>

Hence, f (x) is discontinuous at x = 2.
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¥=5 \a,if x<b
|# 8] i«
EXAMPLE 11. If f(x)=! a+b  ,if x=5
=5 b if x>5
|x-5]

Is a continuous function, then find a, b.

Solution. Atx=5:

x-5
= T4 - T +a
L.H.L. = Lim f(x) xle (, 5] J

xo5- 5-
: 6-h)-5 J [Putting x =
_ T e N ) gX=5_
‘;I:L’%(|(5—h)*5| &

x5+ x5+
= Lim —5+—h_i+b [Putting x = 5 + ]
h—0 ]5+h—5|
= Lim L+b = Lim (£+b)=1+b
h—0 | A | h—0 \ h
Also, f6) =a+b
Now, f(x) will be continuous at x =5 if L.H.L. = R.H.L. =f(5)
ie., < a-1=b+1=a+b
= a-1=a+b and b+1=a+bd
=% b=-1and a=1

Hence, the function will be continuous at x = 5 when g = 1,b=-1.

————— EXERCISE 0.5  ————

1. Check the continuity of the following functions at the indicated points :
(@) fx)=2x+3atx=1
(i) fx)=bx-3atx=-38 and x=5

. o —4, when x # 2
2. Examine the continuity at x = 2 if flx)=y x-2

0, whenx=2
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3.

8.

10.

x2—x-6

Discuss the continuity atx = 3 if f(x) = % ST

1ifx¢3

2 TNTY
3 ’ Mx=3
Which of the following functions are continuous at the indicated points :

x, if x<0

) b _ % 2x-1, if x<0
) f(x)—{ 2 . atx=0 (i) Flx)= J _
@ X i %20 f(x) 2x+1, if JCZOatx_O

-

Discuss the continuity of the following functions at x =1 :

x2+2,ifx>1

5x-4, O<x<1
® FO=1 42 3¢ 1<x<2 @) fx)={ 38 ,ifx<1
2x+1, if x =1
Discuss the continuity of the function f(x) at x = %;
——x, Os:)c<l
2
W 1
f(x)—ﬁ 1, ]
E—x, —<x<1
12

- : kxz, x21 .
For what value of  is the function f(x)= 1 2 continuous at x = 1.
;X

2 :
For what value of & is the function defined by f (x) = ki ), it 2= continuous at x =0 ? Also
3x+1, ifx>0

write whether the function is continuous at x = 1.

For what value of % is the following function continuous atx =2:

JBx+2 —Vax+4 ' 5
f(x)= x-2 :

k,if x=2

Find the value of % in each of the following so that the given function is continuous at the indicated
point.

J1+kx - 1-kx
-1<
2x2 +k, if x20 ,~152<0

@) fx)= atx=0 (i) fx) = 2;‘+1 atx=0
—2x%2 4k, if x<0 TR 0<x<1
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. i =1: 3
11. Discuss the continuity of the following function at x
2
[Ea R PS
rw={ *1
2 if x=1

M ~ ANSWERS e

1. (i) Continuous (i) Continuous atx=-3 andx=5 2. Discontinuous

4. (i) Continuous (i) Discontinuous

8. Discontinuous
6. Discontinuous

5. (i) Continuous (ii) Continuous

1
7. k=4 8. k=%;Continuousatx=1 9. k=-4—‘/?

— 11. Discontinuous

10. (i) All real values (i) k=- 5

9.9. P CONTINUITY ON ANINTERVAL

Continuity of a function on an open interval.

A function f (x) is said to be continuous on an open interval (@, b), if it is continuous at every

point on (a, b).
Continuity of a function on a closed interval.
A function f (x) is said to be continuous on the closed interval [a, b], if it is continuous at

every value of x lying between a and b, continuous to the right of @ and to the left of x =0
Lim0 fx) =f(a) and Lig{lo fx)=f®).

ie.,
x-a+

Remark : A function f (x) is said to be discontinuous on an interval if it is discontinuous even at
a single point in an interval.
9.10. » SOME IMPORTANT RESULTS ON CONTINUOUS FUNCTIONS
1. If fand g are two continuous functions on their common domain D, then

() f+giscontinuousonD
(i) f-g is continuouson D
(i5i) cfis continuous on D, where c is any real number

(v) fg is continuouson D

(v) g is continuous on D, provided g(x) #0.

P g ;
(vi) 7 is continuous on D, provided f (x) # 0.
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The constant function is continuous.
The identity function is continuous.

3. o polynomial function is continuous.

5, Bvery rational function is continuous in its domain.

6. The modulus function |x| is continuous.

7. The exponential function e* is continuous.

ﬁ SOLVED EXAMPLESWL l

EXAMPLE 1. Discuss the continuity of the function f(x) =%+ x2 — 1.
EXAVTS"

Solution. Here f (x) = x3 + x2 — 1, which is a polynomial function.

Clearly, f is defined at every real number ¢ and f(¢c) = ¢3 + ¢2 -1,

Also, Lim f(x) =Li_I)Icl(x3+x2-1)=c3+cz—1

xX—C X

Thus, Lim f(x) = f(c) and hence fis continuous for every real number.
xX—C

Hence, fis a continuous function.

EXAMPLE 2. Discuss the continuity of the function f defined by f(x) = -1—, x#0.
x

Solution. Take any non-zero real number c.

Clearly, f is defined at every real numberc,c# 0and f(c)= 1

Ao, Lim (0 = Tifm, ==

x—oc x—=c X C

Thus, Lim f(x)=f(c) and hence fis continuous at every point in the domain of £.
xX—cC

EXAMPLE 3. Locate the point of discontinuity (if any) for the function

S_x?+2x-2,ifx#1
fay =% 7" e
4, if x=1

- x?+2c-2,ifx21
Solution. Here f(x) = A FhEy
Whenx>1andx <1,f(x) = 3 — x2 + 2x — 2, which being a polynomial, is continuous.
:. f(x)is continuous for x < 1 and x > 1.

We now consider the point x = 1.
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_ Lim (23— 22 +2x-2)

Atx=1: L.HL. = [
h—0 ~}
RHL. = Lim, (x°- x2+2x—2)
xr—1
_Lim[(1+A)° - A+R*+20+)=21=0  [Putting - ; +h)
h—0
Also, f =4
Lim f(x) #f(1)

x—1 \
Hence, fis discontinuous at x = 1. At all other points, fis continuous.

EXAMPLE 4. Find all the points of discontinuity of the function fdefined by

x+2, if x<1
0, if x=1

f(x)=
x-2,1f x>1

Solution. The given function is defined for all real numbers.
When x <1, f(x)=x + 2, which being a polynomial is continuous for all x < 1

When x > 1, f(x)=x — 2, which being a polynomial is continuous for all x > 1

We now consider the point x = 1.

x+2, if x<1
0, if x=1

x—-2, if x>1

We have flx) =
Atx=1: LHL =Lim_ f()=Lim_(x+2) = Lim (1-m)+2)=3  [Puttingx=1-4]

RHL. =Lim_ f(x)=Lim, (x-2)=Lim (1+h)-2)=-1 [Puttingx=1+}

Now, LHL. # RH.L. _
Thus f (x) is not continuous at x = 1.
Hence x = 1 is the only point of discontinuity of f.
| x—4]
EXAMPLE 5. If a function fis defined asf(x)={ x_4 °’ i 4_
0 ,x=4

Show that fis continuous everywhere except at x = 4.
=4 x#4
x-4"’

Solution. Here f(x) =
0 , x=4
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Now, x—4, x24
(—(x-4) _
x—4 =_1.) if x<4
x—4
(x = = 1
L 0, if x=4

When x < 4, f (x) = -1, which being a constant function, is continuous for all x < 4.

When x > 4, f (x) = 1, which being a constant function, is continuous for all x > 4.
We now consider the point x = 4.

Atx=4:  LHL = Lim f()=Lim (-1)=-1
x—4 x—4"

RHL. = Lim_ f(x)=Lim_(1)=1
x—>4 it

x—>4
LHL #RHL. = Lin}‘ f(x) does not exist.
x>
- f (x) is not continuous at x = 4.

Hence, f (x) is continuous everywhere except at x = 4.

5 Juif <2
EXAMPLE 6. In a function p(x)=< ax+b, if 2 <x <10, determine the values of constants
21 ,if x=210
so that the given functions are continuous :
5 , if x<2
Solution. We have  p(x)=4ax+b, if 2<x<10
21 , if x=>10

When x < 2, p(x) = 5, which being a constant function, is continuous for all x < 2.

When 2 < x < 10, p(x) = ax + b, which being a polynomial, is continuous for all x € (2, 10)
When x > 10, p(x) = 21, which being a constant function, is continuous for all x > 10.

We now consider the continuity of p(x) at x = 2 and x = 10.

Atx=2: LHL = Lim (5)=5
x—2"

= Li =Li 2+h)+bl=2a+b [Putting x =2 + h]
RH.L = ;[::1121 Jlax +b) I’:gl(l) la(
and p@) =5
». For continuity atx = 2; 2a+b=5

(1)

i = Li 10-h)+bl=10a+b [Putting x = 10— h]
Atx=10: L.H.L.=xL_1’r1%_(ax+b) {41_%[0( )+b] [ g
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RHL. = Lim  (21)=21
x—10
and p(10) =21
~. For continuity at x = 10; 10a + b = 21 "

Solving (1) and (2), we get a=2,b=1. .
EXAMPLE 7. Find all the points of discontinuity of the function f defined by

|x]|+3, ifx<-3

fx) = { - 2x, if —-3<x<3.
6x+2, ifx23
|x|+38, if x<-3
Solution. Here f (x) = -2, if —3<x<3

6x + 2, if x23
When x <— 3, f(x)= |x| + 3=—x +3, which being a polynomial, is continuous for al] » <=3,
[ || =-« ifx<0]
When - 3 <x <3, f(x) =- 2%, which being a polynomial, is continuous for all x lying
between—3 and 38 ie., xe (-3, 3)
When x >3, f(x) = 6x + 2, which being a polynomial, is continuous for all x > 3,
We now examine the continuity of f(x) atx=—3 and x = 3.

Atx=-3: LHL = Lim f(x)=Lim [x[+3=-%+3

x—>-3" x—>-3"
=hLir% {-(-3-h)+8}=3+3=6 [Putting x = -3 )
o
RHL. = Lim f(x)=Lim (-2x)
x—-3% x—-3*
=ilzli—»l% = 23Rl [Putting x =—3 + ]
Also, f(-3)=|-3/+83=3+3=6

& LH.L. =R.H.L. =f (- 3). Thus, f (x) is continuous at x = — 3.
Atx=3: LH.L. = Lim f(x)=Lim (- 2x)

x—3" £—3"
=pnEal-E)=-% [(Putting x = 3 -]
RHL. = Lim f(x)=Lim (6x +2)
x-3* x—3*
=£.in5 6(3+h)+2}=20 [Putting x =3 + hl

LHL. #RHL. = Lin; f(x) does not exist.
x—

Thus, f (x) is discontinuous at x = 3,

Hence, /(@)is continuous at all points except.x = 3 .., x = 31s the only point of discontinuity.
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H EXERCISE 9.6 &

In the following, determine the value of the constant so that the
kx+5 if x<2
flx) =

x-1ifx>9

. given function is continuous.

9 .
Discuss the continuity of the function f(x)={* 1Le=0 ;
x ifx<0
g. Locate the point of discontinuity (i any) for the following functions :

2x-1 if x<2 X . 4_16
" — if x#0 X :
Q) f(x)={ 3x if x>9 @) flx)={ | x| @) fx)={ x_292 if x#2
2 0 if x=0 16 if x=2
4 Discuss the continuity of the function £, where fis defined by :
2x, if x<0 _2, if x<-1
@) f@=4¢ 0, if 0<x<1 @) flx)={ 2x, if-1<x<1
4x, if x>1 2, if x>1
5. Find the values of @ and b such that the functions defined below are continuous
x+2 ,if x<2 ax’+b , x<2
@) fly=qax+b ,if 2<x<5 @) foy={ 2 , x=2
3x-2 ,if X295 2ax-b , x>2
A ANSWERS _
1. k=-2 2. Continuous forallxe R
3, (i) Continuous forallx e R (i) Discontinuousatx =0 (iii) Discontinuous atx = 2
4, (i) Continuous for all real x exceptx =1 (ii) Continuous forallx € R
- 1
5 ()a=3,b=-2 (1) a=§,b=0
MULTIPLE CHOICE QUESTIONS
&
ASSERTION-REASON BASED QUESTIONS
Type L. Multiple Choice Questions:
m
L lim X " isequal to
-1 4" 1 .
m @ =
m m MR ¥
@ 1 ® — Bl e n?
n
2, hm() MIS equal to
= X

& » ®) 1 () —n e
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3. lim 14848+ 40 ,n € Nisequal to

X oo n2
1
(@) 0 ) 1 (c) D)
4. lim [x — 1], where [] is a greatest integer function, is equal to
x=1
(@) 1 b) 2 () O
8. Ilim Lx_l is equal to
x>0 X
(@) 1 b) -1 () 0
R-__ n
6. lim A ,n € Nisequal to
x—a X—a
@ (n-1)a"! (b) (n-1)a"-2 (¢) na*!
) ,/1+ -1
7. tim X7 equal to
x—0 X
(@ -1 ®) 0. _ () 2
' . x2-9
8. The value of lim is
*x—>3 X —
»(c') 3 , b) 9 (c) -3
Ll : B
" 8. " The value of lim = =32 is
o x—2 x—2
)20 T (b) 40 (c) 80
‘ F voni @ =1,
10.  The value of lim is
x—0 p* -1
log a log &
(a) 0 ) logb () ogg

; -1(2x-3).
11. The value of lim Wx 3 J 2 )1s
x>l 2x“+x-3

1 =8 1
(a) 5 (b) 2 (c) 5
12. The value of lim [x]is
x—0"
@-1 (b) 0 © 1
_ . 1if x#0 :
13. The function f(x)=<{_ . is not continuous at
2 if x=0
() x=0 Bb)x=1 e)x=-1

d) ~

(d) does ny exiyg
(d) none of theg
d -
d 6

(d) 100

(d) does not exist

ol
(d) 10
(d) does not exist

(d) none of these.

R
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2
e value of A for which f(x)={7‘x +8x,x<92 |

14. Th 2x+6, x>2 18 continuous at x = 2 ig
0 (b) 2 -]
(@) () 5 d) - 3
2
_ . . X %<0
5. The point(s), at which the function f given by flx)=1{ |x|’ s is continuous, is/are :
-1,x20
@ x€R b)x=0 (c) x e R—{0} d)x=-1and1
16. The number of points where f(x) = |x - 1| + |x + 3| is not differentiable are
(@) 0 b)) 1 (c) 2 (d) infinite
2_9
.. is not defined at x = 3. Wh ig)
1. f@)= 3 isno x =3. What vglue should be assigned to f(3) for continuity of f'(x) at
x=37
(@) 3 ®) 0 (c) 6 d) 9
18. The number of points of discontinuity of fdefined by f(x) = |x| - |x +1|is
(@)1 ) -1 ‘
¢ R (d) No point of discontinuity

<
19. The value of &, so that the function defined by Ax) = kx £ mbenE=0 i dontititions it = 5 is
3x —5,when x>5

3 4 9
@ ®) - © 3 @6
20. The points of discontinuity for the function f (x) = [x ], wherex € [- 2, 2) is
(@) -2,0,1 b)-1,0,1 (c)-2,2 s @do,1
21. The points at which the function f(x)= logll Ay is discontinuous is
(@) -2,0,1 b)-1,0,1 (¢)-2,2 d) 0,1

Type II - Assertion-Reasoning Questions :

In the following questions a statement of assertion (A) is followed by a statement of reason
(R). Choose the correct option from the given options.

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(¢) Assertion (A) is true but Reason (R) is false.
(d) Assertion (A) is false but Reason (R) is true.
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22. Assertion (A): Lim V1+x2_ yl-% =_;_
X

x—=0

Reason (R) : The limit of the quotient of two functions is equal to the quotientg of th
ei

fo] Lm f@) "limiy,
Le., Limy |1 | 82000 ided Lim g(x)# 0.
X—=a [g(x)] Lim g(x) ’ prov1de }.l..;m(l;g
X—a
3
(x+2)° -8 _19

23. Assertion (A) ;: Lim
x>0

x" —ag®
Reason (R) : Lim =na""1
XxX—a XxX—a

24. Assertion (A) : Lim a*-1 _loga
x>0p*—-1 logb

et =1
Reason (R) : Lmol =1
X— X
. x>-1, x<1 p
25. Assertion (A) : If f(x) = 9 . ,then Lim f(x)does not exist.
-x“-1x>1 x—1

Reason (R) : RHL.=—2and LH.L. =0.

26. Assertion (A) : Lim LZ' does not exist.

x>52 x-—

Reason (R) : The limit of a function exist if RH.L = L.H.L = 0.
27. Assertion:f(x)= |x| is continuous atx = 0.
Reason : The left hand limit and right hand limit of fix) at x = 0 are equal.

2x—-1,x<2
28. Assertion : The value of & for which the function f (x) = k ,x =2 iscontinuous atx=2{s4
x+1, x>2

Reason : A function f (x) is continuous at a point x = a of its domain if Lim f(x) = f(a)
x—a

29. Assertion : The greatest integer function f(x) = [x] may be continuous.

Reason : f (x) is continuous at all real values of x except all integral points.

— ANSWERS _

Type L. Multiple Choice Questions :

1. () 2. (a) 3. (¢) 4. (d) 5. (d) 6. (©
7. (d) 8. (d) 9. (c) 10. (b) 11. (d) 12. (a)
13. (a) 14. (d) 15. (a) 16. (c) 17. (¢) 18. (d)
19. (c) 20. (b) 21. (b)

Type II - Assertion-Reasoning Questions :
22. (b) 23. (a) 24. (¢) 25. (a) 26. (c¢) 27. (b)
28. (d) 29. (a)



