Differentiation

G e

DERIVATIVE AT A GIVEN POINT

: i ta
The concept of the derivative of a real valued function a Y A

point is intimately connected with that of the slope of the
e function) at the given

tangent to the curve (graph of th
point onit.

Let y = f(x) be a function which is defined m some
8-neighbourhood of ¢ where & is a small positive re.zal
number and f is continuous at x = ¢ ie. at the point :
P(c, f(c)). Let Q (c + h, f(c + h)) be any other point on the __ﬁ st \§f+8 ;x
graph of f (shown in fig. 11.1) where ¢ + h lies in the 4
neighbourhood of ¢ i.e. h is very small, h# 0, it may be

Q(c +h, f(c + k)
P(c, f(c))

positive or negative. In fig. 11.1, we have shown the case Fig. 11.1
when k> 0.
= h) - f(c
Slope of the line PQ = flc+h) - fle) _ flet }Z f( )_

(c+h)-c

Now, if we hold the point P fixed and let Q approach P closer and closer,
varies. The line PQ rotates about the point P till it reaches its limiting position when Q ultimately

coincides with P. In this position, the line PQ becomes a tangent to the curve (graph of f) at P. The

the value of the slope

limiting value of the slope when Q- Pie thO f(c+—h;—L(cl (if it exists) is called the derivative
%

of f at the point x = ¢, it is denoted by f'(c) (read as f-dash c).

The indicated limit may exist at some points and may fail to exist at some other points.
Moreover, we can approach P either from left or from right. This leads to the following definitions
of the derivative at a given point:

A function fis said to have a left derivative at x = c iff fis defined in some (undeleted) left neighbourhood
Lt flc+h) - f(c)
h

-0~

of cand ) exists (finitely).

The value of this limit is called the left derivative at x = ¢ and is denoted by f'(c) or Lf'(c) i.e

‘o) = fle+h) - f(e)
= [ 22 J
o=k h '

A function f is said to have a right derivative at x = ¢ iff f is defined in some (undeleted) right

neighbourhood of cand Lt f(c;h;—f& exists (finitely)
—0* '




The value of this limit is called the right derivative at x

fily= Lt L€M= fo
3 ,

h—0+

= c and is denoted by f!(c) or Rf'(c) i.e.

A function fis said to haye g derivative at x

(c+h)- 3
! p fe) exists (finitely).

= c iff fis defined in some (undeleted) neighbourhood of ¢

and Lt
h—0

The value of this limit is called the derivative at x = ¢ and is denoted by f'(
F)= Lt f(c+h)—f(c)
h—0 h '

c)ie.

From the above definitions, it

follows that the derivative of a function f at x = c exists iff both
the left and right derivatives exis o, g

t separately at that point and are equal.

Geometrically (slope of tangent)
The left derivative (if it exists)
point P(c, f(c)) from the left sj

of the tangent to the curve y
(if it exists) at x =

atx = c represents the slope of the tangent to the curve y = f(x) at the
de and the right derivative (if it exists) at x = ¢ represents the slope
= f(x) at the point P(c, f(c)) from the right side; and the derivative
¢ represents the slope of the tangent to the curve y = f(x) at the point P(c, f(c)).
Therefore, the derivative of the function fatx=cwill exist iff the tangent to the curve y = f(x) exists
on both sides of the point P(c, f(c)) in its immediate neighbourhood as well as at x = ¢ itself and the
tangent from the left and right coincide and this common tangent is not parallel to y-axis.

Hence, the derivative of a function f at the point x = ¢ will exist iff there is one and only one
tangent to the curve y = f(x) at the point (c, f(c)) and is not parallel to y-axis.

The derivative of a function f at x = ¢ is also called differential coefficient of fat x = c.
A function fis said to be differentiable at a point c iff the derivative of f at c exists. The process of finding
the derivative of a function is called differentiation.

Derivative at any point

A function f is said to have a derivative at any point x iff it is defined in some (undeleted) neighbourhood of

fx+h) - f(x)

the point x and Lt
P h—0 h

exists (finitely).

The value of this limit is called the derivative of f at any point x and is denoted by f' (x) i.e.

. f(x +h) - f(x)
f@ =k, h '

Other notations

There are different notations for the derivative of a function. Sometimes it is denoted by di (f(x))
x

f

or by 3—
x

. . y d
If the function f is written asy = f(x), then its derivative is written as ﬁ (or yy).

d d d
The derivative at x = ¢ is denoted by = (f(x)) / cor (d_{c)x or (%) .
=c X=C

By differentiation from first principles or ab-initio, we mean differentiation by using definition.



GE
DERIVATIVE AS INSTANTANEOUS RATE OF CHﬁaNn i
Let y = f (x) be a function of x and let independent variable x chang X then
consequently dependent variable y changes from y to ¥ + &Y.

So, y + 8y =f(x + 8x)
= dy=f(x+dx)-f(x)

Sy _ fx+8x)-f(x)
dx dx

Average rate of change of y per unit change inx = ==

=

As 3x - 0, the limiting value of by becomes instantaneous (actual) rate of change of Y
! dx

W.r.t. x.

Thus, Lt % = Instantaneous rate of change of y w.r.t. X

3x—0 dx
oot g oy JE+B) 2 f)

x—00x  &x—0 dx

dy _dy

d Sx) — ) v Lt ==

= H_ g [&r¥-fE) gy [ 830 8x dx]

dx §x—0 Sx

Hence, physically % represents the instantaneous (actual) rate of change of y w.r.t. x.

ILLUSTRATIVE EXAMPLES [ Pl

Example 1. If f (x) = x2 - 5x + 7, find f'(3) and f' G) from definition. Hence, show that

1'(3) =210

Solution. Given f (x) = x2 - 5x + 7.

By def., f'(3) = Lt fB+h-f0)
- h—0 h
o [B+R2-5B+h)+7]-132-5x3+7]
h—0 h
_ h2+h B
- h[—'fo ho hl—lto(h+1) =1
7
et
Also f’(ZJ - L \2 2
2 " ! (by def.)
AN 2
(—+h) —5(—+h)+7 - (_J —sz+7
= Lt ! 2 2
h—0 h — ]
h? + 24
= Lt . .
hs0 h]:fo(h+2)_2,

Now f(%) =2=2x1=2f@3),



(i) ax+b,a%0,bx( "3 functions from first principles :

Solution. (i) Let f(x) = ax + p, (i) (x=1)(x - 2) (i) x3 =27,

By def., f'(x) = thO fat b - fix)
-

p = Lt @& +h)+b)-(ax +b)

h—0 h

— ah

= Lt 2% _

h—0 h —hI:)th=a,

(if) Letf(x) = (x-1) (x-2) = X2-3x 4+,

By def., f(x) = Lt &M

-0

= Lt 2 -3+ h)+2)-[2-3x4 9]
h—0 h

h2 4 2xh - 3}
Lt d
R0 h ot (e 2x-3)

=0+2x-3=2y-3
(i) Letf(x) =x3-27.
Bydef,f(x)= Lt L&+N-fx) _  [x+mp-27)-(3-27)
h—0 h h—0 h

3x2h + 3xh? + 13
= Lt ke 2 y:
30 P hli;co (3x% + 3xh + h?)

=322+ 3x x 0 + 02 = 322,
Example 3. Find the derivatives of the following functions from first principles :

) % (i =1

Solution. (i) Let f(x) = iz , note that f is not defined at x = 0.
X

1 1
h) - f(x) (x+h)? 2
M) = Lk flx+h) - f(x) _ 5 IRt e
By def'f (x) h—0 h h—0 h
3 x2 —(x+h)?* _ - 2hx - h?
T h50 h(x+h)2x2 h0 h(x + h)2x>
-2x-h -2x-0 2x 2
= = Sl S XA 0.
h=0 (x + h)2x2  (x +0)2x2 x4 x3
x2 -1

(if) Letf(x) = =x- L , note that f is not defined at x = 0.
x

By def., f'(x) = Lt Jarh=J @ o ((“‘h)_ﬁ)_(x—%)

h—0 h h—0 h

h—0 h h—0 h




h—0 =0
£1 4 manbe ] —17 ,x20
(x+0)x X
Example 4. Find the derivatives of the following functions from first principles :
N 2x+3 . ax+Db
i :
® Xx=2 (&) cx+d

Solution. (/) Let f(x) = = +23 _note that fis not defined at X = 2
x -—
de 3 23

o -2  x=2
By def., f'(x) = hE)to _fEL’;IMC_) = hgto (_XL)__h’-———

I (x-2)(2x +3+2h) - (x 2+ 1)(2x +3)
0 h(x+h-2)(x-2)

~ (x-2)2h - h(2x +3)
T h50 h(x+h-2)(x-2)

—7h -7
= Lt
h]ifo h(x+h-2)(x-2) h—-0 (x+h-2)(x-2)

—7 7

= S 2,
(x+0-2)(x-2) (x—z)l’x;t

» d
(ii) Letf(x) = J.M- , note that f is not defined at x = — —.
cx+d c

. a(x+h)+b ax+b
Lt f(x+h)—f(x)= I c(x+h)+d cx+d
h—0 h h—0 h

By def., f'(x)

- Lt (ax + b+ ah)(cx + d) = (cx + d + ch) (ax + b)
h—0 h(cx +d +ch)(cx +d)

ah(cx +d)— ch(ax + b) ad — bc
= Lt
h—0 h(cx +d+ch)(cx+d)  h—0(cx +d + ch)(cx + d)

ad — bc _ad -bc d

= = X # -
(cx+d+0)(cx+d) (cx+d)? c

Example 5. Find the derivative of Nax +b from first principle.

Solution. Let f(x) = vax +b.

f(x+h) - f(x)

By def., f'(x) = hliato >

= T \/a(x+h)+b—Jax+b
h—0 h

C Lt J(th+b)+ah—Jax+bx,/(ax+b)+ah+Jax+b
h=s0 h V(@ax +b) + ah + Jax + b




(ax + b) + ah - (ax + b)
h=0 h(J(ax + b) + ah + \Jax + b)

Lt ah
h=0 h(J(ax +b) + ah + Vax 1 b)

Lt -
h—0 (J(ax + b) + ah + Vax + b)

a

1]

a

= Jax+b+\/ax+b g ax+b
Si:g EXERCISE 11.7

1L Us(»l?gf (difl_n;non, find the derivatives of the following functions at the indicated points :
1 R e (if) f(x)=x2+2x+7atx=3
(it) f(x)=1-4x2atx=1
2. For the functionﬂ given be(x) =2x3-9y2 4 12x +9, show thatf’(l) =fr(2)
3. Find the derivatives of the following functions from first principles :

(i) 3x-5 (ii) (x-3)2 (iii) 23 (iv) (—x)1
. / _
® - (vi) ’;ti (i) x+ - (viii) J3x +4
Answers
1. @3 (ii) 8 (iii) -8
3. ()3 (i) 2(x-3) (i) 322 (iv) ;15 ) —x—63
) - ©i) 1-—  (oii) ~ Jsiﬂ

Some standard results on derivatives
1. The derivative of a constant function is zero.
Proof. Let f(x) = ¢, for all x € R where c is a fixed real number.

By def.,f'(X) = hl;)‘towz Lt E__C

h h—»0 h
= Lt D=Lt 0 wh#0
T h0h ko0 G

= 0.
ie. -:—x(c) =0, for all x € R.
2. The derivative of x is 1.
Proof. Let f(x) = x

far-f@) g GEBZEL g Ro g g2

By def, f'(x) = Lt b K50 b h—o0h k>0

. d
ie. E(x) =1,



3. The derivative of x" js yyn-1
Proof. Let f(x) = X" n e N.

» where n is any positive integer.

By def, fi(x) = Lt LEHM-f0) _ [, @+h)'-x"

h—0 h T 150 h
= Lt (x + h)" — xn (-;h——)O =>x+h—>x)

x+h-x (x+h)-x
ing Lt 2 oa na"‘l]
(usmg isd X~8

= n.x"1
. od
ie. =-(x") = nar,

This result is known as power formula.

Remark . il
) ; an be any rationa
The above result i.e. %(x”) = nx"1 is true for all rational powers of x1enc y

number. However, we will not prove it here.

: : itive i r and a, b are
4. The derivative of (ax + b)" is n(ax + b)*1 a, where n 15 any positive intege

fixed real numbers.
Proof. Let f(x) = (ax + b)", n € N.

= n_ b)"
By def., f(x) = hHOMhLJﬂ:hLJO <a<x+h)+b]: (ax + b)

n _ n
- Lt a.(ax+b+ah) (ax +b)
h—0 ah

. (ax+b+ah)" —(ax+b)" (..} 0 = ax+b+ah—>ax +b)
ax+b+ah—ax+b (ax + b+ ah) - (ax + b)

a

. x" —g"
=a.n(ax + b1 using Lt = na"~1
x—a X-—a4a

e ((ax + b)") = n(ax + b)*a.
dx
Moreover, the above result is true for all rational values of n.

5. Algebra of derivatives
We state some results (without proof) which enable us to evaluate the derivatives in many

problems.
(@) If f is a differentiable function at x and g is the function defined by g(x) = cf (x), then
g'(x) = cf'(x), where c is a fixed real number

ie 2 (cf() = c . < (F(0).

Thus, the derivative of a scalar multiple of the function is the scalar multiple of the derivative
of the function.

(i) If f and g are differentiable functions at x and if h is the function defined by
h(x) = f(x) + g(x), then W' (x) = f'(x) + g (x)

. d _d d
ie. E(f(x) +gx) = — (f(x) + o (g ().

Thus, the derivative of the sum of two functions is the sum of their derivatives



(#i1) If f and g are differentiable functions at x and h is the function defined by

h(x) = f(x) = g(x), then ' (x) = f'(x) - g (x)

iy Bl < ha ol d
e (f (x) - g(v)) = E(f(x)) - d—x(g(x)).

Thus, the derivative of the difference of two functions is the difference of their derivatives.

(i) If f and g are differentiable functions at x and if h is the function defined by
h(x) = f(x) g(x), then k' (x) = f(x) ¢ (x) + 8(x) f'(x)

. od d
e 27 86 = £ L (g g(x).g; ().

Thus, the derivative of the product of two differentiable functions

= first function x derivative of second function + second function x derivative of first function.
This is known as product rule or Leibnitz’s rule.

Extension of the product rule
If f, g and h are three differentiable functions at x, then
d d d 4
7 @g0he) = f) g(x) 2 ) + fh() — g() + ghG) - (f(x).

In fact, this rule can be extended to any finite number of derivable functions.
() If f and g are differentiable functions at x and h is the function defined by

hx) = L2 g(x) # 0, then I’ (x) = 8X S () - f0g'x)

gx)’ (g(x)?
2001 (£ - £, (g0
Le. i( f(x)) = dx dx 8 , 8x) # 0.
dx\ g(x) (g(x)?

Thus, the derivative of the quotient of two differentiable functions

deno. x derivative of num. — num. x derivative of deno.
(denominator)?

This is known as quotient rule. |

- |
6. If f is a differentiable function at x, then % (F)™ = n(f(x))*1.f (x), where n is any positive |
integer.

7. Derivative of polynomials

Let f(x) = agx" + a;x™! + a;x"2 + ... + a, 1 + a, be a polynomial function, where ag, a;, a, ...,
a,, are fixed real numbers and # is a positive integer. Then the derivative of the polynomial f(x)
n

is given by
f(x) = nage™! + (n - a2 + (n - 2)ax™3 + . +a,,.

[Proof of this result is just the application of the above results 1, 2, 3 and 5(i), (ii).]

ILLUSTRATIVE EXAMPLES [ : R e s e

Example 1. Find the derivatives of the following functions:

l
() 327 =522+ 9 (i) X+ % (ifi) (ax2 + b)2. |



Solution, (j) Letf(x) =3x7_5,2, 9, diff. w.r.t. x, we get

f(x) = i(3x7 5x2+9)— = (3x7) + _(_ 5x2) + —(9)

. iy . 1
=3 dx (x7) + (- 5). ™ (x2) +0=3.7x6-5.2x
=21x6-10x.

(ii) Let f(x) = §+— diff. w.r.t. x, we get

ro - 423203 402

1ing d, . 1 2
—_——— — (X~ =—.1 5 —1 X
5 a5 () =2 145.¢-1)

]

5 xiz F X,
(iii) Let f(x) = (ax2 + b)2 = 24 + 2abx? + b2, diff. w.rt. x, we get

flx) = i (a2x4) + i (2abx2) 4 i ?)

(x4) +2ab. — (xz) + (bz)

= a2.4x3 +2ab.2x1 + 0 = 4a2x3 +4abx

= 4ax (ax2 + b).
Example 2. Find the derivative of x™ + ax"1 + 22" 2 + ... + a"1x + a", where a is some fixed real number
and n is any positive integer.

Solution. Let f(x) = x" + ax" =1+ 42" =2 4 .. + "~ 1y + a", diff. w.r.t. x, we get

f'(x) ——(x”+ax" Lva2xn=24  +a"-lx4a)

=di(x”)+a (xn- l)+a2 — (" R +a”‘1;;(x)+%(a")

=nx”'1+a.(n—1)x"‘2+a2.(n—2)x”‘3+ e+ a" 1140

="l (n-1)ax" =2+ (n-2)a2x" -3 4 . 4 qn-1
Example 3. Find the derivatives of the following functions :
3
i 1
() x#(3-4x75) (if) ( X+ —)
X
Solution. (i) Let f(x) = x# (3 - 4x75) = 3x4 - 4x9, diff. wirt. X, we get
f(x)=3x(-4)x° -4 x (-9)x10
=-12r5+36x10 = _12¢5 (1 - 3x75),

3
(i) Let f(x) =(x+%) =x3+xi3 +3xx%(x+l)

X
=x3+ x84 3x + 3x diff. wrt. X, we get
f(X)=3x2+(-3)xr4+3x1+ 3(-1)x2
3

3
=32 2 —_
=3x o +3 2



ey 1
mpled. Ify = Vx + —, pr dy
Bamp e Provethat el vy < ok

. 1 = 1
golution. Giveny = Vx + £ x1/24 x-172 gy
V s » diff, w.rt, X, we get

ﬂ:lx‘l/2+(_l)x—3/2_ 1 ” 1
L . dy
= TaTVTR :Zxd*x*y:(f‘vl;%(@%)
X

. . X a 1
lution. Given y = \/: + \/: e 12 2 /
Solu < a \Nx [, 7% 4 +faxY2  diff. w.rt. x, we get

d_yzllx_]‘/2+\/z(—%).x‘3/2= 1 \/E

dx e 2 Weli 2
dy Jx a J’;
W VX _Vi_x fa
= dx Ja  Jx a

STRI T

5
1 -
Example 6. If y = ﬁ(l—%),prove that xZ(ZZ—Z—y) +x2-3=0.

1 3
Solution. Given y = %(1—%) =x 2-x 2, diff. wrt. x, we get
dy_ 1.3 (3. 5_ 1-3.3-
Yo Zx 2—(——-)x Z=-_x24+=x2
dx 2 7 2 2
i =2 5
= 22 -_x243x2
dx
5 M ol
xE(Z—y y)+x2 3=x2|-x2+3x2-|x2-x2||+x2-3
dx

=x2|3x 2-x ZJ +x2-3=3-x2+x2-3=0.

Example 7. Find the derivatives of the following functions :

i 4
() (2 +1) (x~2) (i) g

Solution, (i) Let f (x) = (x2 + 1) (x - 2) = x° = 2x% + x - 2, diff. w.rt. x, we get
flx)=3x2-2.2x1 +1-0=3x2-4x+ L.



Altemativcly

f(x) = (32 +1) (x - 2), diff. w.r.t. x, we get
(product rule)
frx)=(x2+1). %(x-z) +(x-2). %(x2+ 1)

=(x2+1)(1=0) + (x=2) (2x + 0)

=x24+1+2x2-4x=3x2-4x+ 1.

i 3x+4 ‘
it) Let f(x)= —————, diff. w.r.t. x, we get
(i) f 5x2-7x+9 G 8
d .
(5x% - 7x + 9)di(3x +4)-(3x+ 4)2;(5::2 -7x+9) (quotient rule)
- X

f& (5x2 - 7x +9)?

_ (5x2—7x+9)(3><l+0)—(3x+4)(5><2x—7x1+0)
= (522 - 7x +9)

_ 3(5x2-7x+9)-(3x +4)(10x = 7)
- (5x2 - 7x + 9)?

2
1522 — 21x +27 - (30x% + 197 - 28) _ 55-40x - 1507

.
(5x2 —7x + 9 (5x2 -7x+9)

Example 8. Find the derivatives of the following functions :

. x"—a" T ax+b
© x—a (@) pxl +qx+r
: x"—at .
Solution. (7) Let f(x) = et diff. w.r.t. x, we get

(x-a).%(x" -a")-(x" —a”).Ed;(x—a)

"(x) = uotient rule
f'(x) = ap (q )
_ (x-a)(mx"1-0)-(x" -a")(1-0)
- (x - a)?
e a4k (n—1" - nax™"1 + q" 5
(x—a)? (x —a)? ' '
. ax+b ;
' = ————, diff. wrt.
(if) Let f(x) o~ L diff. w.rt. x, we get
, (px2+qx+r).%(ax+b)—(ax+b).‘—id;(px2+qx+r)
f(x) = 7 (quotient rule)

_ (px? + gx + r)a.1+0) - (ax +b)(p.2x +q.1+0)
(px2 +4x + r)2

_ a(px® +qx +r) = (ax + b)(2px + q) _ _apx® + 2bpx + (bq - ar)
(pxl +qx + r)2 (px2 +qx + r)z




Example 9. Find the derivatives of the following functions :
(i) (ax +b) (cx +d)? (if) (@x +b)" (cx + dy", m, m e N,
Solution. () Let f(x) = (ax + b) (cx + d)?, diff. w.r.t. x, we get

, d
f{x) =(ax+b).d—x ((cx + d)2) + (cx + d)2 % (ax + b)
=(ax+b).2(cx+d)1.c+(cx+d)2.(a.1+0)

(- ((@x + by =
e X
= 2c(ax +b) (cx +d) + a(cx + d)2
=(2c(ax + b) +a(cx + d)) (cx + d)
= (3acx + 2bc + ad) (cx + d).

(i1) Let f(x) = (ax + b)" (cx + d)™, n,m e N.

Differentiating w.r.t. x, we get
) < d
f'(x) = (ax +by". . ((cx + d)™) + (cx + d)™. % ((ax + b)")

= (ax + b)".m(cx + dy™1 ¢ + (cx + dy" .n(ax + b)1.a
= (ax + bY"1 (cx + d)™1 (mc (ax + b) + na(cx + d))
= (ax + b)"1 (cx + dy"1 (ac(m + n) x + (mbc + nad)).

EXERCISE 11.2

Find the derivatives of the following (1 to 5) functions w.r.t. x :

(@) §+% (i) 4vx -2 (ii)) ax3 +bx2 +cx+d
. 1 2 1 2

(1)(2x+;) (i) (JE+T;) :

(1) x3 (5 + 3x) (i) x5 (3-6x9).

(i) (2x +3) (5x2-7x + 1) (i) (2x-7)% (3x +5)3

(0 (x+1) ix -2 (i) (x +5) (;'sz -

(product rule)

n(ax + b)"1.a, result 4)

(product rule)

(using result 4)

(iv) 224 + x

6. For the function f, given by f(x) = 2x? - 3x + 7, show that f'(2) = 5'(1).
7. If for the function of f defined by f(x) = kx2 - 5x + 4, f'(3) = 37, find the value of k.

8.

N ¢ P MR P
Ify-x+x,provethatxdx xy .

Find the derivatives of the following (9 to 11) functions :

N X-a .. ax+b . (2x+1)(3x-1) ¥
i A 10. () —— _.
9. (l)x—b (i1) ox+d ® x+5 (1) axz +bx + ¢
2 2
11. (i) px-+qx +r (ii) ax2+bx+c :
ax+b pxc+qx+r
Answers
~1 2 gk 8- .
1. (i) Al (i1) 7 (i) 3ax2+2bx+c (iv) 8x3+1
2. (i) 8x- = (i) 1- = 3. (i)—15x4—6x3 (ii) 15x4 +24x°
X x



4. (1) 30x2 +2x-19 (i) (2x-7) (3% +5)2 (30x=43)

5
N 3 1 1 ! 2 7
L% ) - DL 4x + 10 +
(i) 2\/}- 2«/.\_'+x3T (ii) 4x v/
. = _ . 6(x2+10X+1) i _.ﬂji\
- br —cq
2 " _ . (ag- bp)x? + 2(ar po)x +
1. () & +(:f,l:1bﬁ;2bq A (i) (px? + qx + 1)
DERIVATIVES OF COMPOSITE F UNCTIONS ) " is differentiab
Theorem. If u = g(x) is differentiable at x and y = f(u) is differentiable at v, then Y bRvle
at x and WAL
dy _ dy du (We accept 1t without proof)
dx du dx '

Another form. The above theorem can also be stated as: ' .
If g is differentiable at x and f is differentiable at g(x), then the composite function

h(x) = f(g(x)) is differentiable at x and H'(x) = f’ (g)).g (.

Chain Rule. The above rule is called the chain rule of d'iffere .
the derivative of y = f(g(x)) at x involves the following chain of steps:

(i) First, find the derivative of the outer function f at g(x).
(ii) Second, find the derivative of the inner function g at x.
(iii) The product of these two derivatives gives the required derivative of the composite function

fog at x.
The chain rule is a very important and useful tool in differentiation. The reader is advised

to have sufficient practice in the use of this rule.
The chain rule works perfectly well to more than two functions.
Corollary 1. If h(x) = (f(x))" and f is differentiable at x, then
H(x) = n(f)*L f(x).

Proof. Let f(x) = u and g(u) = u", then
h(x) = u" = g(u) = g(f(x)), differentiate using chain rule

H(x) = ¢g'(f(x)) f'(x) (since u = f(x) and g'(u) exists)
= g'w). f(x) = nu"1 f'(x)
= n(f(x))"1 f(x).

ntiation, since determining

dy
dy _ dt . dx
Corollary 2. o - dx’ provided i 0.
dt

This result is very useful in dealing with parametric functions.

d 1 . d
Corollary 3. 24 = 2
ry polly i provided o # 0.
dy
This result is very useful in dealing with inverse functions

dy dx

dx'dy=1'

Corollary 4.



Derivative of absolute value function

Let y = lxl= yx2 differentiat'mg W.It. X, we get
dy 1 -2 d
—= = —(x?) 2.—(x2) = ! e
i > o ) 2\/;5.2.‘(—'7',3(#0.
Thus, S (|x)m 2= x 2o
dx | x|’ '

utusTeaTive Exavrics _—

Example 1. Differentiate the following functions w.rt. x :

(1) \/2x—3,x>§

(if) (3x2 - 5x + 1)7.

Solution. (i) Let f(x) = V2x-3 = 2x - 3)1/2, differentiating w.rt. x, we get

1 d
() = 5 Qx-31/2, 4 5y
f 2 ) 0 2x-3)

1

=-Qx-3)y12021-0=__1 2
2 = i L

(ii) Let y = (3x%2 — 5x + 1), differentiating w.r.t. x, we get
dy

= d
ze = 70 -5x 4 16 @22 - 544

7(3x% - 5x + 1)6 (3.2x1 - 5.1 4 0)
7(3x2 - 5x + 1)6 (6x - 5).

~ [
Example 2. Differentiate the following function wrt. x: Y2 -"* Xd=%
Vel +1+x

\]x2+1—x=\/x2+1—xx\/x2+l—x
V2 +1+x Jx+1+4x Jxl+1-x

C 2D+ - 2xx2 +1  2x2 +1-2xx% +1

B (x2 +1) - x2 1

Solution. Let y=

=202 + 1 - 2xJx? +1, differentiating w.rt. x, we get

Y o 22x+0-2 [x%(xz 172 25 + 22 1.1}

dx

2 2 a2 2
=4x—2[ : +Jx2+1]=4x-2.——x o +1)=2[2x-2" ”]
Vx- +1

x?+1 x2+1
2 e dy___ "
Example 3. If y = (x + Vx? +a” ), prove that —= vl
Solution. Given y = (x + Vx2 +a2)" ()

Differentiating w.r.t. x, we get

d
Z—y =n (x +Vx% + az)"‘l.;-(x +Vx2 +a?)
X

X

=n (x + Vx2 +q2)""1 .[1 +%(x2 +a2)1/2 .ijl




" St +x
=n(x+ x2+a2)n—1(1+ - )_n(x+m)n 1_7=2,:=an——
;x +a

_n.(x+\/x2+a2)" _ony

Vilia? Va2 4 2

2
Example 4. If y = (x + Vx2 - 1) prove that (x2 — 1) (%) = m2y2.

Solution. Given y = (x + Vx2 - 1)™
Differentiating w.rt. x, we get

Y . m.(x +yx% - 1)m-1 .[1 +%(Jc’Z -2 -2"]

dx
\/ -1+x
m.(x+Vx? - )"‘1(1+ ) m.(x +Vx? - )ml‘LJ;I_

(x +Vx2 - )"‘ my
Ve2-1 2
On squaring both sides, we get

dy Y _ miy? dy Y’
(—] =T-_=’(x2'”(EJ = m2y’.

Il

x2 -1

dx xc -1

Example 5. Differentiate |x2 - 5] w.r.t. x.
Solution. Let y = |x2 - 5|, differentiating w.r.t. x, we get

dy _ x -5 d 2_ 2
dx .. | % - 5|dx( ?) ( k)
x2-5

- 2x(x
K (2x-0 x#:tsf_
[ n TR |

s« EXERCISE 11.3

1L () Hf) = Va-22,xe (-2,2), find f().
(i) Iff(x)= V1-x2 ,x€ (0, 1), find f(x).

Differentiate the following (2 to 4) w.r.t. x :

(using (i))

(using (i)

2. () V2x -1 (ii) (3x2—9x+5)9.
e
3. () V3x+2+ (i) =
\/Zx +4 ik
4 G Vat+x-Ja-x Vx2 +1+x2 -
. (1) (if)
a+x+a-x \/x2+1—s/x2—1
5. Find the derivative of |2x2 - 3| with respect to x.
Answers
’ X » g X
1. (i) - it) -
(i) N (if) Nl
; 1 1 ..
2. (i) T fadd - (i1) 27(2x - 3) (3x2 - 9x + 5)8

I“
i
&




B e 28 2 2
2V3x+2 (24 qp72r > =3 (ii) - x

Va2 — x2(g2 4 y2y3/2
~ a(a-va%-x2) . 3
4. (i) —F=——="+ (i) 2x 4 _2x° 4x(2x2 - 3
#e -2 S D

3. (1)

—

IMPLICIT DIFFERENTIATION

If y be a function of x defined by an equation such ag

Y= 7xt - 503 4 1142 4 V2x L3

ed explicitly in terms of x and we write Yy = f(x) where
fO) = 7x4 _ 53 4 1102 2% =3

ever, if x and y are connecteq by an equation of the form

xhy3 - 35345 7Y -824+9=0

y is said to be defin (i)

How

as to satisfy equation (ii) or there may not exist a
For example : Consider the equations
X2+y2-25 =
and 2 +y24+25 = ...(iv)

In equation (iii), y may be expressed explicitly in terms of x, but y is not a function
of x. Here, we have two functions of (or two functions of y if y were considered to be

independent variable) fi and f, defined by fi(x) = ¥25-x2 and fo(x) = —25 - x2 which
satisfy equation (iii).

ny of the functions satisfying equation ().

... (i)

In equation (iv), there are no real values of x that can satisfy it.

In cases (ii), (iii) and (iv), we say that y is an implicit function of x (or x is an implicit
function of y) and in all such cases, we find the derivative of y with regard to x (or the

derivative of x with regard to y) by the process called implicit differentiation. Of course,
wherever we differentiate implicitly an equation that defines one variable as an implicit
function of another variable, we shall assume that the function is differentiable.

ILLUSTRATIVE EXAMPLES gagian T Sy A

Example 1. Find % when x2 + xy + y2 = 100.
X

Solution. Given x2 + xy + y? = 100.
Regarding y as a function of x, differentiating both sides w.r.t. x, we get

dy Yy _ 8 _ o
2x+(x.;+y.1) + 2y e =0 = (x + 2y) . Yy

= Wy _ _2x+y

dx x+2y '
Example 2. If x23 4+ y23 = 283, find %
Solution. Given x2/3 + y2/3 = 42/3 ..(d)
Differentiating both sides of (i) w.r.t. x, regarding y as a function of x, we get
1/3
23,2 3 Ay _ 1 1Ay oLy gy
3 * +§-y .a-O :x1/3+y1/3dx ﬁdx 73 "




& - EXERCISE 114

. oody
Find M the following (1 to 4) :

1 ()x-y=n (if) x2+y2 =25, 2. (i) xy = c?
3. () Jx+\y =k (ii) 3+ 22y + xy? +y3 = 81.
(1) 2+y =

4. (1) (2 +y2)2=2xy
5. If x2/3+2/3=2, find %L at (1, 1)
dx L

. x2 oy
(i) X+ 45 =200

bzx

Answers
L @)1 (i) - 2. ()-%
y X

2 2
3. (i)-JZ (i) _?;__"'_giy_ilz—
X x% +2xy + 3y

4. ()—————y 4x° - 4xy” @ L
4xy+4y x

(i

Derivatives of exponential and logarithmic functions
(i) Derivative of e* is €%, for all x € R.
Proof. Let f(x) = ¢*, for all x € R.

By def., f(x) = h_)ofﬁr_’i_fix_)

|
:-
J: B
o™
=

Thus, —;L (e¥) = €% for all x € R.
X
(ii) Derivative of log x is ;1-, where x > 0.

Proof. Let f(x) = log x, x > 0.

, log(x+h)—logx
By def., f(x) = Lt = Lt X
s f( ) h—0 h h—0 h

(-.-h—>0=>%—>OJ



ILLUSTRATIVE EXAMPLES |

Example 1. Differentiate the following functions:

2= =2~

d 1
Thus, 5 (log x) = < where x > (),

Some important deductions
1. Derivative of a*, a > 0, g # 1.

A @) = 2 (x1
dx(a)— dx(ex Ly

— oxl d
=exloga E(xloga):gloga_loga_%(x)

=axloga.1=a"loga.
d
Thus, E;(a") =a*loga, a>0a%1.

- Derivative of log, x, x>0, 2> 0, 4 # 1.

d d (1
— (log, x) = —( °g")

dx\ loga

l.7.d
= .—(log x) = el o a
loga dx loga x xloga

d 1
Thus, — (log, x) = b
dx(g" ) = a,x>0,a>0,a¢1

. Derivative of log|x|, x # 0.

d 1 d 1 «x
—(log|x|)= —.—(|x|)=—.—,x20
2 10B1xD) = (XD = x

ad —i=l,x;t0.

T xPF 2 x
d 1

Thus, — (log|x|) = —, x # 0.
us, ——( g|x|) =

. Derivative of log,|x|, x#0,a>0,a # 1.

d d(log|x|
E;(logalx“ = —[——

dx| loga
1 d o111
§ loga'a;(loglx”—loga'x xloga
d 1
— = ,x¢0,a>0,a¢1.
Thus, = (log,|x|) Finei

( Lt log (1 + x) _ 1)

x—0 X

(v a¥ = e log a)

(Base changing formula)

(Base changing formula)

L TR KRS :

81’

(i) 5% + log x (if) g

Solution. (j) Let y = 5* + log x, differentiating w.r.t. x, we get

dy _ 1 _ex 1
E_SXIOg5+ - =5%log 5 + -+



(if) Let y = - dlfferennatmg w.rt. x, we get

dy x8.8". log 8 - 8*.8x7 _ x78%(xlog8 - 8)

dx (x8)2 - 16
_ 8%xlog8-8) _8* 8
= —x%—=x—8(log8—;).

Example 2. Find the derivatives of the following functions: =
_ Jrrl+vx-1
() log (x +2? - a?) (i) log (—f—;r';f”? J

. . t
Solution. (i) Let y = log (x + yx2 —a?), differentiating w.rt. x, we g€

dy 1 4,022

e +Vxc—a

x
= __1_. _1_ 2 _ 2y-1/2 2x]=_———1"—'—-[1+—’2’—?J
x+\lx2—a2.[1+ SRR x+Vx2-a xt -4
1 x2-a2+x_ 1

) x+yx2-a?  \x?-a? T2 -2
= Jrrl+vr-1
(i) Let y = log (%J:lo [J%l:/[—l \/;%IH/—'IJ

g((x+1)+x 1)+ 2Jx +1Jx - J [2X+2Vx2‘1J
2

(x+1)-(x-1)

= log (x + Vx% - 1), differentiating w.r.t. X, we get
dy 1 [ 2 _1)1/2 J
2 s ——— 1+—(x -1)/2.2x
dx  x+x?-1 2
1 (“ x )= 1 Jel-1+x _ 1
xedez-1 1\ Vx2-1 x+dx2-1 Jx2-1 Jit o1
—l = x2e2* (2x + 3).

Example 3. If y = 3108 ¥ *+ 2%, prove that d
= ¢3log x + 2x = clog X e?.x = x3 ., ¢2x (g X = x, x > 0)

Solution. Given y =
Differentiating w.r.t. x, we get

Z—Z =23, e2r 2+ ¢2% 3x2 = x2% (2x + 3).

Example 4. If y = 9'%83% , show that Z—y = 2x.
X

Solution. Given y = glogz x = (32)10g3 x - 32logzx _ 3logs g

= Y= x2 (- al08a X = x)
dy _
= = 2x.
Example 5. (i) If ¢ + ¢ = &%, prove that 2 = -2 =1
d ey(ex _ 1) '

(ii) If e* + ¢¥ = e* * Y, prove that _g_y_ = -y ~ 7,
X



solution. (i) Given e + eV = px+y

Differentiati : (1)
ifferentiating both sides of (i) wirt, x, regarding y as a function of x, we get

e"1+ey_¥ ex+y(1+_1)
dx

d
ey Y _ e
= +e B - EY 4 ey —% = (e¥ - ex+y) l =™y -

- _ey(e"-l)-—- = (-1 B el -1)

dx eV(eX-1)"
€* *¥, dividing both sides by e* + ¥, we get
e¥ + e =1, diff. wrt

(i) Given e* + ¢¥ =

d

y |-<L

- ( dx) +e-x(_1)=0=:,e-yz_y___e_x
X

=X

e* +e
Example 6. If y = ——, prove that %Y.

- =1 yz
. . _ 5+t
Solution. Given y = o ..(i)
By _ (o) + e =1) - (F 4 o) (X - ¥ (~1))
dx (e* - e*)2

- (ex i e—x)z - (ex + e—x)z = 1 -_— ex +e_x 2
(e* —ex)? e* — ¢

=1-¢ (using ()

Bample 7. ¥y =log(& TJ prove that ¢ dx Zxx(x_-fl)'

x+1

Solution. Given y = log(\/_ + T) = log (T) =log (x +1) - -;— log x,

2x—(x+1)= x-1
2x(x+1)  2x(x+1)’

y__1 4.11_
dx T

Example 8. If yvx? +1 = log(\/xz +1-x), prove that (x2 + 1)% +xy+1=0.
Solution. Given y Vx2 +1 =log (s/x2 +1-1x) N

Differentiating both sides of (i) w.rt. x, regarding y as a function of x, we get

2x+yx2+1. L% :

.2 x2+1 dx \/;2+1—x ZJxT+1

7.1 x—\/x2+1
X
:}x +1 \/_2+1 X \/;2'0'1

d
o xy+(x2+1)%=—1 =>(x2+1)d—z+xy+1=0-




L 1)___y, =1.
Example 9. If y = \/Iog X+ Jlog X+ /lgg X # .00, prove that x(2y dx

Solution. Given y= \/log X+ \/log X+ ./log X+ ..
= ,/log X+y

= y*=logx+y.

...(J)
(using (7))

Differentiating w.r.t. x, we get

dyl

dy
——:>x2—1)———1
dx x d =>(2y l) X @

2y—=

& . EXERCISE 11.5

Differentiate the following (1 to 3) functions w.r.t. X -

1 () 10% + %ex _2log x (i) ™
2. (i) & (i) Vel* , x> 0.
. log x) 2> L
. (i) log (log %), x > 1 (ii) logy ( . ol
4. (i) If f1) = 4 and f'(1) = 2, find the value of the derivative of 108 f(e*) w.r.

x=0. . ,
(ii) If f(x) = e*g(x), g(0) = 2 and g'(0) = 1, then find £'(0).

Differentiate the following (5 to 6) functions w.r.t. X :

5 .. D*logx
5. (i) e +eX +..+eF (i) 241

(i) 1 (“""LazJ (i) xV1+x2 +log(x +Vx2 +1).

2

L x —Vx2 - a?

k’_g(_f[_——+z__—- Va +1) prove that (x2 + D y +xy—1
xi 41

N

@) Ify
(ii) If y = ¢2108 x + 3%, prove that d—z = x(2 + 3x) &3,
8. Find kY when

dx

(i) xy + xe¥ + ye* = x2 (i) e~Y = log [i]

d_y= log x

. = - 4 tht .
9. If y log x = x — y, prove tha dx  (1+logx)?

Hint. ylogx=x-y=>y(l+logx)=x=>y= —>
1+logx
Answers
, 1 2
1 (i) 10% 1 St i e
(1) 10 og10+3e" p (i) —eX
Jx
2. (i) 3x2* i) — 3. (i) () ——l
axeV™ xlog x xlog 7 log x

L0 i) 3



- 2
5 () e¥ +2xe*” 4 3x2px° 3,14
+4x%ex" 4 5yd,xd (i 5*((x% + 1)(1 + x log 5 log x) - 2x log x)

- 2 x(x2 + 1)
6. (l) %\-2 m az (ll) 2\/x2\+1
L 2X=y=e7Y - yex
(’) —L\ye— (u) y(xex‘.‘/ . 1)

X +e¥ - xeV
x(ye*-v - 1

T

MULTIPLE CHOICE QUESTIONS

se the correct a j
Choose nswer from the given four options in questions (1 to 4):

_ Bx+1)Vx -1
1. Iff(x) & thenfr(1)is equal to

(a) 5 (b) -5 © 6 ) 11
_ 1 d 2
2. Ify= J§+ﬁ,then d‘i atx=1is
(@ 1 by L
®) (©) % @) 0
1+%
3 If}/= 1 ,then—; 1s
2
4x
_ 4
@ wmyE O - © 2 @ -2
2
4 Ty=log[12% ], | dy
- ty=log | —= 1|, x|<1,then2;=
4x 4x 1-x2 4
(@) (x2 - 1)2 (®) 1ot (©) 4; (@) xzil
Answers
1. (a) 2. (d) 3. (a) 4. (b)

FILL IN THE BLANKS

Fill in the blanks in questions (1 to 8):

1 If 2 i 1, then f'(1
. f(x)_ﬁ+¥+.“+7 +Xx+1, enf()—- ........................
-4
2. If(x)= 22 thenf’ (1) = oo
f(x) o enf’(1)

3. Iff(x) =x100 4 x99 4+ 2B+ .+ x+ 1 thenf' ()= i

4. Iff (x) = 2x + 1, then the derivative of (fof ) (x) 1S .o

5. For the curve V¥ + J; =1, Z_y at the point (%, %) - S p———
X

6. The derivative of the function f (x) = 25248 oo

7. If x > 0, then the derivative of 10g1g X IS ..ccooovvvviiininnnn.
8. If x # 0, then the derivative of logy | x| i8 oo




Answers 4
1. 100 2. % 3. 5050 1
1 xlog2
5. -1 6. 2%%10xlog2 7. jozT0

—



